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ABSTRACT
T his t h e s i s  i s  concerned  w ith  th e  s tu d y  o f  two independent 
problem s. C hapter 2 i s  devo ted  to  th e  developm ent o f  a  new 
re p re s e n ta t io n  f o r  th e  dynamic G re e n 's  te n s o r  f o r  a  la y e re d  
medium. No co m p le te ly  c lo se d  s o lu t io n  i s  p o s s ib le  and th e  
o b je c t iv e  h e re  i s  to  develop  a  r e p r e s e n ta t io n  t h a t  i s  more 
amenable to  com putation  th a n  th e  e x is t in g  r e p re s e n ta t io n s  
(C agniard (39)* W il l i s  (73))*  The r e p r e s e n ta t io n  d e r iv e s  from 
a re d u c tio n  o f  th e  i n t e g r a l s  re q u ire d  f o r  th e  in v e rs io n  o f  th e  
term s in  a " g e n e ra l iz e d  ra y ” s e r i e s .  For th e  th re e -d im e n s io n a l 
(p o in t so u rce ) problem  th e  f i n a l  s o lu t io n  r e q u ir e s  e i t h e r  a  
s in g le  in te g r a t io n  ( i s o t r o p i c  l a y e r s )  o r  two in te g r a t io n s  
( a n is o tro p ic  la y e r s )  o v e r c o n to u rs  t h a t  a r e  independen t o f  tim e 
t  and* p o s i t io n  x . The in te g ra n d  i s  a  sim ple  e x p l i c i t  fu n c tio n , 
much o f which i s  in d ep en d en t o f  x and t  and may be ta b u la te d  
when th e  s o lu t io n  i s  re q u ire d  f o r  a  range o f  v a lu e s  o f  x and t .
The rem ainder o f  t h i s  t h e s i s  exam ines th e  tim e-harm onic  
response o f  t h i n ,  e l a s t i c ,  f lu id - lo a d e d  p l a t e s  s t i f f e n e d  by 
a tta c h e d  p a r a l l e l  beams. The sound r a d ia te d  l y  such s t r u c tu r e s  
has been s tu d ie d  by many a u th o rs  b u t few have been concerned w ith  
th e  motion o f  th e  p l a t e .  C hap ters  3* ^  and 5 o f  t h i s  th e s i s  
examine p la t e s  s t i f f e n e d ,  r e s p e c t iv e ly ,  by f i n i t e ,  i n f i n i t e ,  
and s e m i - in f in i t e  a r r a y s  o f  beams. In  c h a p te r  3» F o u r ie r  tra n sfo rm s  
a re  used  to  o b ta in  a  s e t  o f  s im u ltan eo u s e q u a tio n s  f o r  th e  
transfo rm ed  d isp la ce m e n ts  and r o ta t io n s  a t  th e  beams. The in v e rse  
tran sfo rm  o f  th e  s o lu t io n  to  t h i s  s e t  o f  e q u a tio n s  i s  ev a lu a ted  
a sy m p to tic a l ly .
In  c h a p te rs  4 and 5  th e  s t i f f e n in g  beams a re  e q u a lly  spaced.'
-  I l l  -
The e q u a tio n s  a r e  fo rm u la ted  in  term s o f  d is c r e te  co n v o lu tio n s  
and a  tra n s fo rm , r e l a t e d  to  th e  m od ified  Z -tra n sfo rm , i s  used  
( to g e th e r  w ith  th e  W iener-Hopf tech n iq u e  in  c h a p te r  5) to  
o b ta in  th e  s o lu t io n .  A sy m p to tic a lly , th e  m otion o f  th e  
s t i f f e n e d  re g io n s  o f  th e  p la te  has  th e  form o f a  F lo q u e t wave.
-  I V  -
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C hapter 1 . INTRODUCTION
T his t h e s i s  i s  concerned  w ith  th e  s tudy  o f  two independent
problem s. C hapter 2 i s  d evo ted  to  th e  developm ent o f  a  new
re p re s e n ta t io n  f o r  th e  t r a n s i e n t  response  o f  a  la y e re d  
medium. A lthough a p p l ic a b le  to  problem s in  g eo p h y sic s  and 
a c o u s tic  e m iss io n , th e  method may a ls o  be used  to  f in d  th e  
response o f  a  s t r u c tu r e  o v e r la id  by a  f l u i d  h a lf - s p a c e  o r  a  
f l u i d  la y e r .  The rem ain d er o f  th e  t h e s i s  i s  concerned  p r im a r i ly  
w ith  p a r t i c u l a r  f lu id - lo a d e d  s t r u c tu r e s  and exam ines th e  tim e - 
harmonic re sp o n se  o f  a  t h i n ,  e l a s t i c ,  f lu id - lo a d e d  p la te  
s t i f f e n e d  by a t ta c h e d  p a r a l l e l  beams.
No com ple te ly  c lo se d  s o lu t io n  f o r  th e  t r a n s i e n t  response  
o f  a  la y e re d  medium i s  p o s s ib le  and so th e  o b je c t iv e  o f  c h a p te r
2 o f  t h i s  t h e s i s  i s  to  develop  a  r e p re s e n ta t io n  t h a t  i s  more
amenable to  com putation th a n  th e  e x is t in g  r e p r e s e n ta t io n s .  The 
waves t h a t  t r a v e l  a lo n g  v a r io u s  ra y  p a th s  in  th e  medium, because 
o f  m u ltip le  r e f l e c t i o n s  and r e f r a c t i o n s , a re  re p re s e n te d  a s  a  
s e r ie s  o f " g e n e ra liz e d  r a y s ” . T h is  s e r ie s  i s  o b ta in e d  by th e  use 
o f  a  s u i ta b le  in t e g r a l  tra n s fo rm  in  th e  p lane  o f  th e  la y e r s  
which produces a  s e t  o f  e q u a tio n s  f o r  th e  tran sfo rm ed  v a r ia b le .  
T his s e t  o f  e q u a tio n s  i s  th e n  so lv ed  by i t e r a t i o n  to  g e n e ra te  
th e  " g e n e ra liz e d  ra y ” s e r i e s .  (S ee , f o r  exam ple, Spencer (6 0 )) . 
The in te g r a l s  re q u ire d  f o r  th e  in v e rs io n  o f th e  tra n s fo rm s  in  
th e  s e r ie s  may be reduced  by u t i l i z a t i o n  o f  th e  s t r u c tu r e  o f  th e  
te rm s. C hapter 2 d e s c r ib e s  an a l t e r n a t i v e  to  th e  e x i s t in g  methods 
o f  re d u c tio n  ( C agniard (39)* W il l i s  (7 3 )) .
For th e  th re e  d im en sio n a l (p o in t  so u rce ) problem  th e  method 
o f  C agniard (39) r e q u ir e s  th e  e v a lu a tio n  o f an i n t e g r a l  o v e r a
-  2  -
co n to u r t h a t  i s  a s s o c ia te d  w ith  an a lg e b ra ic  e q u a tio n  which 
depends upon tim e  t  and p o s i t io n  x . The method o f  W il l is  (73) 
r e q u ir e s  in te g r a t io n  around a  f ix e d  co n to u r b u t e x p l i c i t  
e v a lu a tio n  o f  th e  in te g ra n d  r e q u i r e s  th e  s o lu t io n  o f  an 
a lg e b r a ic  e q u a tio n  f o r  each tim e t  and p o s i t io n  x . The 
r e p r e s e n ta t io n  developed h e re  r e q u ir e s  in te g r a t io n  around two 
f ix e d  c o n to u rs  o f  a  s im p le , e x p l i c i t  in te g ra n d ; how ever, f o r  
problem s in v o lv in g  i s o t r o p ic  l a y e r s  th e  o rd e r  o f  in te g r a t io n  may 
be re v e rse d  and th e  f i r s t  i n t e g r a t io n  i s  e lem en ta ry . Much o f  th e  
in te g ra n d  i s  independen t o f  x and t  and may be ta b u la te d  when 
th e  s o lu t io n  i s  re q u ire d  f o r  a  range o f  v a lu es  o f  x and t .  The 
e q u a tio n  s o lv in g  re q u ire d  by C agniard  (39) and W il l is  (73) i s  
avo ided  and  th e  r e p r e s e n ta t io n  h e re  i s  l i k e ly  to  be 
c o m p u ta tio n a lly  more e f f i c i e n t .
For s im p l ic i ty  th e  method i s  d e sc r ib e d  f o r  an a n is o t ro p ic  
h a l f - s p a c e .  E x p l ic i t  e x p re ss io n s  and r e s u l t s  a r e  g iv en  fo r  an 
i s o t r o p ic  h a lf - s p a c e  which i s  e i t h e r  f r e e  o r  o v e r la id  by a 
f l u i d .  Each term  in  th e  g e n e ra l iz e d  ra y  expansion  f o r  a  la y e re d  
medium can be t r e a t e d  in  a  s im i la r  fa sh io n .
The sound r a d ia te d  by t h i n ,  e l a s t i c ,  b e a m -s tif fe n e d  p la te s  
i s  o f  i n t e r e s t  in  th e  a n a ly s i s  o f  a i r c r a f t  and m arine s t r u c tu r e s  
and h as been s tu d ie d  by many a u th o rs  (see  s e c t io n  3*1)• However, 
few have been  concerned w ith  th e  m otion o f  th e  p l a t e .  C hapters
3 ,4  and 5 o f  t h i s  th e s i s  examine p la te s  s t i f f e n e d ,  r e s p e c t iv e ly ,  
by f i n i t e ,  i n f i n i t e  and s e m i - in f in i t e  a r ra y s  o f  beams (and 
com binations th e r e o f ) .
C hap ter 3 s tu d ie s  th e  re sp o n se  o f a  f lu id - lo a d e d  p la te  
s t i f f e n e d  by a r b i t r a r i l y  spaced  p a r a l l e l  beams which a re  m odelled 
a s  l i n e  a tta c h m e n ts  capab le  o f  e x e r t in g  fo rc e s  and moments on
-  3 -
th e  p la te .  A F o u r ie r  tra n s fo rm  p a r a l l e l  to  th e  beams produces a  
f i n i t e  s e t  o f  e q u a tio n s  f o r  th e  tran sfo rm ed  d isp lacem en ts  and 
r o ta t io n s  a t  th e  beams. In v e rs io n  o f  th e  tran sfo rm  to  f in d  th e  
d isp lacem en t o f  th e  p la te  (o r  th e  f l u i d  p re s s u re )  r e q u ire s  th e  
e v a lu a tio n  o f  i n t e g r a l s ,  which i s  a  le n g th y  com putation s in ce  
e v a lu a tio n  o f  th e  in te g ra n d  a t  each p o in t  r e q u ire s  th e  s o lu t io n  
o f  a  s e t  o f  s im u ltan eo u s  e q u a tio n s . However, a t  la rg e  d is ta n c e s  
from th e  beams th e  i n te g r a l s  can be e v a lu a te d  a sy m p to tic a lly .
In  c h a p te r  3 r e s u l t s  a re  g iv en  f o r  l in e  and p o in t e x c i t a t io n  o f  
a  p la te  s t i f f e n e d  w ith  e q u a lly  spaced beams. As a  n a tu r a l  
e x te n s io n , c h a p te r  4  exam ines th e  resp o n se  o f  a  p e r io d ic a l ly  
s t i f f e n e d  p l a t e .  S o lu tio n s  to  th e  problem  a lre a d y  e x i s t  ( f o r  
exam ple, Evseev (7 3 ) ) ,  b u t a p a r t  from c a lc u la t io n  f o r  th e  in p u t 
impedance by Mace (80a) r e s u l t s  have a g a in  been co n fin ed  to  
c a lc u la t io n  o f  th e  r a d ia te d  sound. In  c h a p te r  4 th e  problem  i s  
fo rm u la ted  in  te rm s o f  d i s c r e te  co n v o lu tio n  e q u a tio n s  which 
expose th e  s t r u c tu r e  o f  th e  problem . A tra n s fo rm , term ed th e  
m odified  d i s c r e t e  F o u r ie r  t ra n s fo rm , i s  in tro d u ced  which i s  
r e la te d  to  th e  m od ified  Z tra n s fo rm . R ath er th an  re p re se n tin g  
th e  d isp lacem en t a s  a  s u p e rp o s it io n  o f  harmonic w aves, a s  in  th e  
o rd in a ry  F o u r ie r  t ra n s fo rm , t h i s  d i s c r e te  tra n sfo rm  re p re s e n ts  
th e  d isp lacem en t a s  a  s u p e rp o s i t io n  o f  F lo q u e t w a v e s .(a f te r  
G. F loquet ( I 883 ) who s tu d ie d  l i n e a r  d i f f e r e n t i a l  e q u a tio n s  w ith  
p e r io d ic  c o e f f i c i e n t s ) .  A p p lic a tio n  o f  th e  m odified  d i s c r e te  
F o u r ie r  tra n s fo rm  red u ces  th e  co n v o lu tio n  e q u a tio n s  to  a lg e b ra ic  
e q u a tio n s  w hich can be so lv e d . The tra n sfo rm  i s  in v e r te d  
a s y m p to tic a lly  to  show t h a t  th e  wave in  th e  p la te  i s  
(a s y m p to tic a lly )  a  F lo q u e t wave. The co rresp o n d in g  problem  
w ith o u t f l u i d  lo a d in g  i s  a l s o  co n sid e red  and f o r  t h i s  problem
-  4 -
th e  in v e rs io n s  may "be perform ed e x a c tly  to  show t h a t  th e  
d isp lacem en t f i e l d  i s  made up o f  two fo rw ard - and two backw ard- 
going  F loquet waves.
C hapter 5 u s e s  th e  te c h n iq u e s  developed in  c h a p te r  4 
to g e th e r  w ith  th e  W iener-Hopf tech n iq u e  to  s tu d y  a  p la te  
s t i f f e n e d  on one h a l f  "by a  s e m i - in f in i t e  a r r a y  o f  e q u a lly  spaced 
beams. A r e a l  s t r u c tu r e  may p o s s ib ly  have some d is c o n t in u i ty  in  
th e  p e r io d ic i ty  o f  th e  s t i f f e n i n g .  Some d i s c o n t i n u i t i e s ,  such 
a s  gaps o r  a d d i t io n a l  beam s, a re  d isc u sse d  in  th e  e x te n s io n s  to  
c h a p te r  4 ,  b u t c h a p te r  5 s tu d ie s  th e  s im p le s t case  o f  a  com plete 
change in  s t r u c tu r e .  The g e n e ra l response  o f  a  p la t e  s t i f f e n e d  
on one h a l f  "by a  s e m i - in f in i t e  a r ra y  o f  beams i s  d is c u s se d  and 
e x p l i c i t  e x p re ss io n s  and r e s u l t s  a re  d e r iv e d  f o r  th e  case  when 
th e  e x c i ta t io n  ta k e s  th e  form o f  a  f r e e  p lan e  wave in  th e  
u n s t i f f e n e d  h a l f  o f  th e  p la n e ,  in c id e n t  upon th e  a r r a y  o f  beams. 
Once ag a in  th e  tra n s fo rm s  a re  in v e r te d  a sy m p to tic a l ly  to  g iv e  th e  
r e f l e c t e d ,  t r a n s m it te d  and r a d ia te d  f i e l d s .  I t  i s  shown t h a t ,  
a s y m p to tic a l ly ,  th e  t r a n s m it te d  f i e l d  has th e  form o f a  F lo q u e t 
wave which may o r  may n o t p ro p ag a te  u n a tte n u a te d , w hereas, ag a in  
a s y m p to tic a l ly , th e  r e f l e c t e d  f i e l d  has th e  same form a s  th e  
in c id e n t  wave. The in c id e n t  wave, which i s  a c o u s t ic a l ly  slow , 
i s  s c a t te r e d  by th e  beams and r a d ia te s  sound in to  th e  f l u i d .
The te c h n iq u e s  developed  in  c h a p te rs  4  and 5 may w e ll 
have a p p l ic a t io n s  in  th e  s o lu t io n  o f  o th e r  problem s in v o lv in g  
p e r io d ic  o r  " se m i-p e r io d ic "  sy stem s, a lth o u g h  many sim ple  system s 
may be s tu d ie d  by assum ing th e  s o lu t io n  to  be a  l i n e a r  com bination  
o f  th e  f r e e  F lo q u e t w aves.
The work o f  c h a p te r  2 i s  th e  s u b je c t o f  a  p ap er which has 
been a cc e p ted  f o r  p u b l ic a t io n  by th e  J o u rn a l o f  Wave M otion.
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CHAPTER 2 THE DYNAMIC GREEN » S • TENSOR FOR A LAYERED MEDIUM
2 .1  INTRODUCTION
In  t h i s  c h a p te r  a  new re p r e s e n ta t io n  f o r  th e  dynamic G reen 's  
te n s o r  f o r  an  e l a s t i c  h a lf - s p a c e  o r  la y e re d  medium i s  developed. 
The r e p r e s e n ta t io n  i s  d e r iv e d  from a  method f o r  in v e r t in g  th e  
tra n s fo rm s  which o ccu r in  a  " g e n e ra liz e d  ray "  expansion  o f  th e  
G reen 's  te n s o r .  The th e o ry  o f  g e n e ra l iz e d  ra y s  was developed f o r  
a n a ly s in g  t r a n s i e n t  waves in  a  la y e re d  medium and has 
a p p l ic a t io n s  in  g eo p h y sic s  (S pencer (6 0 ) , Knopoff e t  a l  (6o ) , 
P e k e ris  (65 ) )  and in  th e  a n a ly s is  o f  s ig n a l s  in  a c o u s t ic  
em ission  (Pao and Gajewsky ( 7 ? ) ) .
S tudy o f  th e  dynamic G re e n 's  te n s o r  f o r  a  la y e re d  medium 
u s u a lly  p ro ceed s  from f in d in g  an  a p p ro p r ia te  i n t e g r a l  tran sfo rm  
f o r  which e q u a tio n s  a r e  easy  to  g e n e ra te .  I f  th e  u l t im a te  
o b je c t iv e  i s  to  produce a  r e p r e s e n ta t io n  am enable to  com puta tion , 
th en  a  m ajor e f f o r t  i s  d evo ted  to  th e  e f f i c i e n t  s o lu t io n  o f th e se  
e q u a tio n s . The r e s u l t i n g  tra n s fo rm s  a re  th e n  in v e r te d  n u m e ric a lly , 
which in e v i ta b ly  le a d s  t o  some lo s s  o f  a ccu racy  n e a r  to  wave­
f r o n ts .  R ecent exam ples a r e  p ro v id ed  by th e  work o f  K ennett and 
K erry (79) and K ennett (8 0 ) . I f  h ig h  accu racy  a t  w av efro n ts  i s  
re q u ire d , th e n  i t  i s  p r e f e r a b le  to  so lv e  th e  e q u a tio n s  t h a t  d e f in e  
th e  tra n s fo rm  by i t e r a t i o n ,  t o  produce a  s e r i e s  o f  "g e n e ra liz e d  
ra y s " . The in t e g r a l s  r e q u ir e d  f o r  in v e r t in g  th e  tra n s fo rm  a re  
th en  reduced  by e x p lo i t in g  th e  p a r t i c u l a r  s t r u c tu r e  o f  th e  
in d iv id u a l  te rm s in  th e  s e r i e s .  One such method f o r  red u c in g  th e  
i n t e g r a l s  i s  t h a t  o f  C agniard  (39)» F or th e  tw o-d im ensiona l 
( l in e  so u rc e )  problem s t h i s  le a d s  to  a  s o lu t io n  t h a t  i s  e x p l i c i t
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a p a r t  from th e  need to  so lv e  a lg e b r a ic  e q u a tio n s , w hile  f o r  th e  
th re e -d im e n s io n a l p rob lem , th e r e  rem ains an i n te g r a l  ov er a  
con tou r t h a t  i s  dependent on tim e and p o s i t io n .  The method
re q u ire s  th e  d is c u s s io n  o f  th e  s t r u c tu r e  o f a  com plica ted  
a lg e b ra ic  fu n c tio n  an d , a p a r t  from th e  s tu d y  o f  th e  tw o- 
d im ensional Lamb's problem  f o r  an a n is o t ro p ic  h a lf - s p a c e  by 
B urridge ( y i ) ,  th e  u se  o f  th e  method i s  e f f e c t iv e ly  l im ite d  
to  problem s in v o lv in g  i s o t r o p ic  la y e r s .  The tw o-d im ensional 
problem h as  been s tu d ie d  by de Hoop (60) and th e  th re e -d im e n s io n a l 
G reen 's  te n s o r  h as been s tu d ie d  by Johnson (?4) f o r  a  h a lf - s p a c e  
and by Pao and Gajewsky (7 ? ) f o r  a  p l a t e .
An a l t e r n a t i v e  method f o r  th e  re d u c tio n  o f  th e  i n t e g r a l s  
in  a  " g e n e ra liz e d  ray "  s e r i e s  i s  g iv en  by W ill is  (7 3 ) , which i s  
a p p lic a b le  to  th e  more g e n e ra l  problem  o f  a n is o t ro p ic  la y e r s .
An example f o r  an a n is o t r o p ic  la y e r  embedded in  a  h a lf - s p a c e  i s  
g iven  by Bedding and W il l i s  (8 0 ) . For th e  th re e -d im e n s io n a l 
problem th e  s o lu t io n  r e q u ir e s  in te g r a t io n  around a  f ix e d  u n i t  
c i r c l e  o f  a  fu n c tio n  o b ta in e d  by so lv in g  a lg e b r a ic  e q u a tio n s , 
w hile  f o r  th e  tw o -d im en sio n a l problem  on ly  th e  s o lu t io n  o f 
a lg e b ra ic  e q u a tio n s  i s  r e q u ir e d .
The r e p r e s e n ta t io n  h e re  g iv e s  th e  s o lu tio n  o f  th e  tw o- 
d im ensional problem  a s  an  i n t e g r a l  around a  c o n to u r t h a t  i s  
independent o f  t im e , t ,  and p o s i t io n ,  x , th e  in te g ra n d  f o r  which 
i s  a  sim ple e x p l i c i t  fu n c tio n  o f  x and t .  Much o f  th e  in te g ra n d  
i s  a lso  in d ep en d en t o f  x and t  and may be ta b u la te d  when e v a lu a tin g  
th e  s o lu t io n  f o r  a  ran g e  o f  v a lu e s  o f  x and t .  For th e  th r e e -  
d im ensional c a s e , th e  s o lu t io n  i s  in  term s o f  th e  in t e g r a l  
around a  u n i t  c i r c l e  o f  a  fu n c tio n  which i s  i t s e l f  d e fin e d  by 
a  con tou r i n t e g r a l  a s  d e s c r ib e d  above. Repeated e v a lu a tio n  o f  t h i s
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in te g r a l  i s  l i k e l y  to  be co m p e titiv e  w ith  th e  e q u a tio n  so lv in g  
re q u ire d  in  W i l l i s  (7 3 ) . However, i f  th e  la y e r s  a re  i s o t r o p ic  
th e  o rd e r o f  in te g r a t io n  maÿ be re v e r s e d .  The i n t e g r a l  o v e r th e  
u n i t  c i r c l e  i s  e lem en ta ry  and th e  f i n a l  s o lu t io n  i s  g iv en  by th e  
in te g r a l  ov er a  c o n to u r , independen t o f  x and t ,  o f  an 
e x p l i c i t l y  d e f in e d  fu n c t io n  w ith  sim ple  x and t  dependence. Thus, 
th e  method a v o id s  th e  e q u a tio n  s o lv in g  o f  W ill is  (73) and th e  
in te g r a t io n  o v e r  co n to u rs  w ith  co m p lica ted  x and t  dependence, 
re q u ire d  by C agniard  (3 9 ) .
In  t h i s  c h a p te r  th e  method i s  d e sc r ib e d  f o r  th e  sim ple case  
o f  an a n is o t r o p ic  h a l f - s p a c e .  E x p l i c i t  e x p re ss io n s  and r e s u l t s  
a re  g iven  f o r  an  i s o t r o p ic  h a lf - s p a c e  and  th e  r e s u l t s  o f  Johnson 
(74) rep roduced  a p a r t  from sm all d is c re p a n c ie s  which a re  
e x p la in e d .
F in a l ly ,  a s  a  sim ple example o f  a  f lu id - lo a d e d  s t r u c tu r e ,  
e x p re ss io n s  and r e s u l t s  a r e  g iv en  f o r  th e  G re en 's  te n s o r  in  an 
e l a s t i c  h a lf - s p a c e  o v e r la id  by a  f l u i d .
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2 .2  THE REPRESENTATION
C onsider th e  h a l f - s p a c e  x ^ < 0  r e l a t i v e  to  C a r te s ia n  
c o o rd in a te s  (x ^ , x ^ , x ^ ) ,  e x c ite d  by a  p o in t  fo rc e  a t  (0 , 0 ,z )  
w ith  s te p  fu n c tio n  tim e dependence. The fo rc e  has components
^ i  "  F iH ( t)  ô (x ^ )  ô (x g ) 5 ( x ^ - z ) ,  (2 . 2 . 1 )
where H( ) d e n o tes  th e  H eav iside  s te p  fu n c tio n  and ô( ) i s  th e  
D irac d e l t a .  The r e s u l t i n g  d isp lacem en t f i e l d  has  components
u \ ( t , x , z )  = G ^ j ( t ,x ,z ) F j  , (2 . 2 . 2 )
where G^j a r e  th e  components o f  th e  G re e n 's  te n s o r  and th e  
summation co n v en tio n  i s  employed so t h a t  re p e a te d  s u f f ix e s  a re  
summed from 1 to  3 » r e p re s e n ts  th e  i^ ^  component o f  d isp lacem en t 
produced by a  u n i t  fo rc e  in  th e  j  d i r e c t io n .
I t  i s  co n v en ien t to  in tro d u c e  m a trix  n o ta t io n ,  a s  in  
Bedding and W il l i s  (8 0 ) , and to  d e f in e  m a tr ic e s  K and G so t h a t  
th ey  have components
K ik(w  ,S )  S j Sm + ( 2 .2 .3 )
and
^ ik (^ )  ^ i 3k m ? m ' (2 .2 .4 )
where a r e  th e  e l a s t i c  m oduli o f  th e  h a lf - s p a c e  and p i t s
d e n s ity . The G re e n 's  te n s o r  G th e n  s a t i s f i e s  th e  eq u a tio n  o f  m otion
K (à/dt,V )G  + I  H ( t ) 6(x ^ )ô (x g )6 ( x . - z )  = 0 , t  > 0 , x . < 0 ,  (2 .2 .5 )
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where I  i s  th e  i d e n t i t y  m a tr ix . G a ls o  s a t i s f i e s  th e  boundary 
co n d itio n
C (V )G  = 0 , X, = 0. ( 2 .2 .6 )
A d d itio n a lly  G = 0 f o r  t  <  0 and G —̂ 0  a s  x^— .
The G re e n 's  te n s o r  G can be w r i t t e n  a s
G = g‘®+ G^, ( 2 .2 .7 )
where G ° ° re p re se n ts  th e  a s s o c ia te d  in f in i te - b o d y  G reen 's  te n s o r  
and G  ̂ i s  th e  "im age" te n s o r  induced  by th e  boundary c o n d itio n  
(2 .2 .6 ) .  The F o u r ie r  tra n s fo rm  S * o f  G*̂  i s  d e fin e d  a s
G^( w ,k ,z )  = d x ,d x ^ ,d x ^G '^ (t,x ,z )e^^  (2 . 2 . 8 )
where Greek s u f f ix e s  ta k e  th e  v a lu e s  1 ,2  o n ly . G"*is an a n a ly t ic  
fu n c tio n  o f  w f o r  Im( w )  > 0 f o r  any r e a l  k = (k ^ ,k ^ ,p ) .  G** 
s a t i s f i e s  (2 . 2 . 5 ) f o r  a l l  z ,  which tra n s fo rm s  to  g ive
K ( w ,k ) a “’( c j , k , z )  = i  I  e^^^. ( 2 .2 .9 )
w
The e ig e n -v e c to rs  o f  K a re  d e fin e d  by
K(w ,k )u ^  = p (  w2_ w2)u^ , n = l ,2 , 3 , (2 . 2 . 10)
where
d e t K( w ^ ,k )  = 0. (2 .2 .1 1 )
TI f  th e  e ig e n - v e c to r s  a r e  norm alized  so t h a t  = 1 , (no
summation) th e n  we have
3 T
I  = Z  V n  (2 .2 .1 2 )
n—1
— 1 0  —
and
G**(w ,k ,z )  = i  ^  ^n^n®^^^ (2 . 2 . 13 )
tü ^
|0 (0) -  w ^ (k ))
This in v e r t s  to  g iv e
G"°( w ,k . ,k  ,x  ,z )  = Z 'd P E  . (2 .2 .1 4 )
2 x 0) I n = l -= -S ------------J p ( o . 2_ „ 2)
where G*̂  i s  th e  F o u r ie r  tra n s fo rm  o f  G w ith  r e s p e c t  to  x ^ ,x ^  and 
t .  For x^ > z  we can c lo se  th e  c o n to u r  in  th e  low er h a l f  p lan e  
and e v a lu a te  th e  i n t e g r a l  u s in g  C auchy 's theorem , to  g iv e
’( " . k i , k 2 ,x ^ ) = -  (2 .2 .1 5 )
where p^ i s  a  ro o t  o f  th e  e q u a tio n
^ n (^ l» ^ 2 '^n^  = ^  (2 .2 . 16)
so th a t  p ^ ( w ,kg^,k^) i s  in v e rs e  to  w ^(k ) and s a t i s f i e s
d e t K (w ,k ^ ,k g ,p ^ )  = 0 . (2 . 2 . 17)
Equation (2 .2 .1 1 )  has s ix  r o o ts  -  w ^ , n = l ,2 ,3  an d , 
c o rre sp o n d in g ly  (2 . 2 . 17) h as s ix  r o o ts  p ^ ,r ^ ,n  = 1 , 2 , 3 . 
C o l le c t iv e ly ,  th e y  d e f in e  an a lg e b r a ic  fu n c t io n ,  p ( w ,k ^ ,k ^ )  
whose Riemann s u rfa c e  has s ix  s h e e ts .  T h is  i s  d isc u sse d  in  W ill is  
(73). The b ranches p^ a r e  th o se  t h a t  have n e g a tiv e  im ag inary  p a r t  
when w h as  p o s i t iv e  im ag inary  p a r t  and i t  i s  p o s s ib le ,  by
-  1 1  -
making c u ts  in  th e  w -p la n e  a lo n g  th o s e  segm ents o f  th e  r e a l  
a x is  where any p^ (and i t s  a s s o c ia te d  r ^ )  i s  r e a l ,  to  ensu re  
t h a t  p^ h as  n e g a tiv e  im ag inary  p a r t  th ro u g h o u t th e  c u t w - p la n e .
The b ran ch es  l ik e w is e  have p o s i t iv e  im aginary  p a r t  th ro u g h o u t 
th e  c u t o i - p la n e .
For x ^ <  z we can c lo se  th e  c o n to u r f o r  (2 .2 ,1 4 )  in  th e  
upper h a l f -p la n e  to  g iv e
P « P w 2/ , p ) ( k . r J  (2 .2 .1 8 )
T his r e p re s e n ts  a  sum o f  down-going p la n e  waves t r a v e l l i n g  in  
th e  d i r e c t io n  ( k ^ ,k ^ , r ^ ) ,  w h i ls t  (2 . 2 . 15 ) r e p re s e n ts  a  sum o f  
up-go ing  p la n e  waves.
The image t e n s o r  s a t i s f i e s  th e  homogeneous wave eq u a tio n  
a s s o c ia te d  w ith  (2 . 2 . 5 ) ,  namely
K (V ^ t,V )G ^  = 0 x ^ < 0 .  (2 .2 .1 9 )
~1C orresponding ly  G s a t i s f i e s  a  system  o f  seco n d -o rd e r o rd in a ry  
d i f f e r e n t i a l  e q u a tio n s  whose g e n e ra l  s o lu t io n  i s  composed o f  
up- and down-going w aves. However, G i s  bounded a s  x ^ -»  _ ^  
so on ly  down-going waves a re  p e rm it te d  and
= g  { } ,  (2.2 .20)
n—1 '
f o r  some v a lu e s  o f  th e  am p litu d e  v e c to r s  W .̂ Im p o sitio n  o f  th e  
boundary c o n d itio n  (2 . 2 . 6 ) g iv e s
Z  { °* (2 .2 .2 1 )
n—1 '
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where k = (k ^ jk ^ )  and r e p re s e n ts  an am plitude  a s s o c ia te d  w ith  
(2 .2 .1 5 ) :
v“ = -U jj(k ,P jj) /[p io (àcj2/^p)(k ,Pj^)]. (2 .2 .2 2 )
We can in tro d u c e  m a trix  n o ta t io n ,  so t h a t
W = [Wj, Wg, W j] , (2 .2 .2 3 )
V“ = [V~, Vg, V g ] , (2 .2 .2 4 )
D (p«x^,x^) = d ia g  |e " ^ ^ n (^ 3 “*3^ } (2 .2 .2 5 )
and
S (p ) = [CU^.CUg.CU.] , (2 .2 .2 6 )
where th e  G*s and U 's  a re  e v a lu a te d  a t  th e  a p p ro p r ia te  p - r o o t , 
o r ,  c o rre sp o n d in g ly , r - r o o t  f o r  S ( r ) .  The e n t r i e s  in  D (p ,x^ ,x^ ) 
d e fin e  th e  ph ase  la g s  a s s o c ia te d  w ith  p lan e  waves t r a v e l l i n g  
between x^ and  x^ .
E q u a tio n  (2 .2 .2 1 )  now ta k e s  th e  form
• S (r)» '^  + S (p)D (p ,0 ,z)V "T  =0 (2 .2 .2 7 )
and has s o lu t io n
Ŵ  = RD(p , 0 , z )v"*'̂  , (2 .2 .2 8 )
where
R = -  [ s ( r ) ] " ^ S ( p ) .  (2 .2 .2 9 )
Each component R o f  th e  m a trix  R i s  a  r e f l e c t i o n  c o e f f i c i e n t ,  * mn ’
g iv in g  th e  a m p litu d e  o f  a  r e f l e c t e d  m^^ type  wave r e l a t i v e  to
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th e  am p litu d e  o f  an in c id e n t  wave o f  th e  n^^ ty p e .
F o rm ally , a t  l e a s t ,  th e  tra n s fo rm  G i s  now de term ined . I t  
can he w r i t t e n  a s  th e  sum o f  th e  th r e e  d i r e c t  waves a s s o c ia te d  
w ith  G** and  th e  n in e  r e f l e c te d  w aves, each d i r e c t  wave producing  
th re e  r e f l e c t e d  waves. That i s
G = Z ,  ° n +  6 £ (2 .2 .3 0 )
n ^  n= l m=l
where
^n ^  (2 . 2 . 32 )
p u ) ( ^ u ) ^ ^ p ) ( k ,r ^ )
and
Gmn = ' (2 -2 -3 3 )
p c j(do j^ /c^p )(k ,p^ )
The rem a in d er o f  t h i s  s e c t io n  i s  devo ted  to  th e  in v e rs io n  o f  
th e se  tra n s fo rm s . The p rocedure  w i l l  be i l l u s t r a t e d  f o r  th e  
r e f le c te d  wave G ^ .  We can a b b re v ia te  th e  n o ta t io n  by w r it in g
= F ^ ( ‘*>.I')e‘ ^ ( V 3- V > .  (2 .2 .3 4 )
The e s s e n t i a l  f e a tu re  o f ( 2 .2 .3 1 ) ,  (2 .2 .3 2 )  o r  (2 .2 .3 3 )  i s  t h a t  
th e  fu n c tio n  m u ltip ly in g  th e  e x p o n e n tia l i s  homogeneous o f  
degree - 2 .  As in  th e  method o f  W il l i s  (73) we proceed  by s e t t i n g
n  =  ( ^ l k l  and n = k / l k | .  (2 .2 .3 5 )
-  14 -
In  term s o f  th e s e  v a r ia b le s
, (2 .2 .3 6 )mn „ mn
i k r
where r ^  and a re  now e v a lu a te d  a t  (Q ,U). I f  p o la r  c o o rd in a te s
a re  used in  th e  (k ^ ,k g )  p lan e  we can in v e r t  th e  tra n s fo rm  (2 . 2 . 36 ) 
to  g ive
G _ „ ( t .x ,z )  = JL _  lira  * d s  I d Q F  ( 0 ,r |) .
L k | e - ^ " ' ' ( W " ' t , x , z ) _ i E  )^ (2 .2 .3 7 )
•'o
where
<t>j^(f^»t,x,z) = O t  + n^x^ + HgXg + V 3 " ^ n ^  (2 .2 .3 8 )
and th e  convergence f a c t o r  has been  in s e r te d  t o  f a c i l i t a t e  th e  
in te g r a t io n .  P erfo rm ing  th e  i n t e g r a t io n  w ith  r e s p e c t  to  j k |  
g iv es
G j ^ ( t , x , z ) =  1 1 ^ ^  ( f d s  . (2 .2 .3 9 )
|T|I - I -.o^oc (<j) ( Q , t , x , z ) - i e )mn
This e x p re ss io n  h as p re v io u s ly  been  o b ta in e d  by W il l is  (7 3 ) ,
who n ex t e v a lu a te d  th e  i n t e g r a l  w ith  r e s p e c t  to  Q by n o tin g
th a t  was a n a ly t i c  in  th e  u p p e r h a l f - p la n e  so t h a t  by c lo s in g
th e  co n to u r in  th e  u p p e r h a l f - p la n e  and u s in g  C auchy 's th eo rem ,
th e  in t e g r a l  was red u ced  p u re ly  t o  a  re s id u e  c o n tr ib u t io n  from
th e  p o in t Q= Q a t  which mn
<l>,„jj(Q,t,x,z) = 0 1 . (2 .2 .4 0 )
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Equation (2 .2 .4 0 )  h as no s o lu t io n  in  th e  upper h a lf -p la n e  when
t < 0  s in c e  b o th  r ^  and (-p ^ ) have p o s i t iv e  im aginary  p a r t s
and and z a r e  b o th  n e g a tiv e . T h e re fo re , f o r  t < 0 ,  = 0
a s  r e q u ire d . S im ila r ly ,  when t  > 0 (2 .2 .4o)  has no s o lu t io n  in
th e  low er h a l f - p la n e .  The p -  and r - r o o t s  s a t i s f y  (2 .2 .1 ? )
2
which in v o lv e s  on ly  co , and so s in c e  only  p - r o o ts  have n eg a tiv e  
im aginary p a r t s .
P n ( -^ » î^ )  = P g ( a , k ) ,  (2 .2 .4 1 )
fo r  some s n o t n e c e s s a r i ly  eq u al to  n . The r - r o o t s  have a
s im ila r  p ro p e r ty .  E v a lu a tio n  o f  (0 ,H ) f o r  Q in  th e  low er
h a lf -p la n e  i s  th e r e f o r e  e q u iv a le n t  to  e v a lu a tio n  o f  some
F ( -  O ,n )  ; th u s  F i s  a n a ly t i c  in  th e  low er h a lf -p la n e  a ls o ,  r s  '  » ' / » mn
T h e re fo re , when t  > 0  we can add to  (2 .2 .3 9 )  th e  co rresp o n d in g  
in te g r a l  from  -<%» -  Oi to  «o -O ii s in c e  t h i s  i s  zero  by Cauchy's 
theorem . The in t e g r a l  w ith  r e s p e c t  to  Q in  (2 .2 .3 9 )  can th u s  
be re p la c e d  by one o v e r a  c o n to u r F which c o n s is ts  o f  c i r c u i t s  
around th e  b ran ch  c u t s ,  to g e th e r  w ith  c i r c u i t s  around any p o le s  
th a t  th e re  may be on th e  r e a l  a x is  between th e  branch  c u ts .  T his 
con tour i s  shown in  f ig u r e  2 .1  which shows e x p l i c i t l y  p o le s  a t  
th e  o r ig in  and a t  C)= -  Y^, which co rrespond  to  R ayleigh  waves. 
The p o in t marked P co rresp o n d s to  th e  s o lu t io n  o f  (2 .2 .4 0 ) .
Thus, th e  b a s ic  r e p r e s e n ta t io n  i s
G ^ ( t . x . z )  = lim  /  ds f  d Q F ^ ( 0 ,n )  . (2 .2 .42), x , _ 1 _  À I
in i= i  r  <!>,„„( f i . t , x , z ) - i e
I t  in v o lv e s  a  double i n t e g r a l ,  b u t t h i s  i s  around known co n tou rs  
and th e  in te g ra n d  i s  e x p l i c i t .  The o r ig in a l  method o f W il l is  (73)' 
re q u ire d  o n ly  th e  r |- in t e g r a t i o n  b u t th e  in te g ra n d  had a  very
— l 6  —
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F igure  2 .1 .  The c o n to u r  f  in  th e  O - p l a n e .  I t  en c lo se s  
b ranch  c u ts  te rm in a tin g  a t  -  R ayleigh 
p o le s  a t  -  and a  p o le  a t  th e  o r ig in .
The lo c u s  o f  th e  p o in t  P a s  q v a r ie s  i s  
i l l u s t r a t e d  by th e  dashed  l i n e .
-  17 -
com plicated  dependence upon x and t , be in g  e v a lu a te d  a t  a  s o lu tio n  
o f  (2 .2 .4 0 ) .
S im ila r ly ,  f o r  th e  tw o-d im ensiona l problem  th e  ch o ice  i s  
between an  e x p l i c i t  form ula t h a t  r e q u ir e s  th e  s o lu t io n  o f  
eq u a tio n s  l i k e  (2 .2 .4o )  and a  form ula:, t h a t  c o n ta in s  th e  
con tou r i n t e g r a l  o f  a  f a i r l y  s tr a ig h tfo rw a rd  f u n c t io n .  The 
only  s ig n i f i c a n t  d if f e r e n c e s  betw een th e  tw o- and  th r e e -  ■ 
d im ensional problem s a re  t h a t  th e re  i s  no q - in t e g r a t i o n  in  th e  
tw o-d im ensional case  a n d , because t h i s  in  e f f e c t  lo s e s  a  f a c to r  
Ik I, t h i s  i s  com pensated f o r  by use  o f  a  d e l ta - f u n c t io n  tim e 
dependence f o r  th e  so u rce  which r e i n s t a t e s  a  f a c t o r  - iO  . I f  
th e  s o lu t io n  i s  to  be computed a t  many p o in ts  ( x , t )  th e  
r e p re s e n ta t io n  in v o lv in g  th e  c o n to u r in t e g r a l  i s  l i k e l y  to  
d isp la y  an ad v an tag e , because much o f  th e  in te g ra n d  i s  
independent o f  x and t ,  and can be s to re d  and u sed  re p e a te d ly .
I t  i s  no ted  t h a t  t h i s  method o f  red u c in g  th e  i n te g r a l s  
has been u sed  by Eason (66) who s tu d ie d  th e  s p e c ia l  case  o f  
ax isym m etric  su r fa c e  lo a d in g  o f  an  i s o t r o p ic  h a lf - s p a c e  
u s in g  L ap lace  and Hankel tra n s fo rm s ; b u t th e  g e n e ra l  
a p p l i c a b i l i t y  o f  th e  method does n o t a p p ea r to  have been 
dem onstrated  b e fo re .
E x p ress io n s  co rre sp o n d in g  to  d i f f e r e n t  ty p e s  o f  source  
a re  e a s i ly  o b ta in a b le  from th e  p re s e n t  fo rm u la tio n  s in c e  x 
and t  a p p e a r  in  a  sim ple  fa s h io n ;  in  p a r t i c u l a r  d ip o le  so u rces  
a re  o b ta in a b le  by d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  x ^ , x^ and z .
For problem s in v o lv in g  i s o t r o p ic  l a y e r s  th e  r e p re s e n ta t io n  
s im p l i f i e s ,  s in ce  we can re v e rs e  th e  o rd e r  o f  in t e g r a t io n .  The 
in te g r a l  around  th e  u n i t  c i r c l e  i s  e lem en tary  and  so th e  
r e p re s e n ta t io n  red u ces  to  an  in t e g r a l  around a  c o n to u r th a t
-  1 8  -
i s  in d ep en d en t o f  x and t ,  o f  an in te g ra n d  which i s  known 
e x p l i c i t l y .  T h is  r e d u c t io n ,  to g e th e r  w ith  d e t a i l s  f o r  an 
i s o t r o p ic  h a l f - s p a c e , i s  g iv en  in  th e  n e x t s e c t io n .
— 1 9  "
2 .3  AN ISOTROPIC HALF-SPACE
For an  i s o t r o p ic  h a lf - s p a c e  w ith  Lamé m oduli th e  
m atrix  K (io ,Ç ) h as components
K i k ( w  »Ç) = ( p w ^ -  ^  )  6 ^^ -  ( X + p ) Ç ^ Ç j ^  ( 2 . 3 . 1 )
and has ze ro  d e te rm in a n t when
= ( X+ 2(i)Ç;Ç. (once) ( 2 .3 .2 )
and
= P ( tw ic e )  (2 . 3 . 3 )
Thus th e  c o n d itio n  (2 .2 .1 1 )  w ith  Ç= (k ^^k ^fp ) g iv e s
60^ = a^lÇI^, £0 2 = «>3 = (2 .3 .4 )
where a  = [ (  X + 2 p )/p ]^  and p =  (P /p )^  r e p r e s e n t  th e  speeds 
o f lo n g i tu d in a l  and s h e a r  waves r e s p e c t iv e ly .  In v e r t in g  
(2 . 3 .4 ) p roduces
? !  = " -% a' ^2 = "^2 "  “ ^p P ] = -^3  = -S p , (2 . 3 .5 )
where
Qm =1^^ ^ -  l k |^ j |2 and qp  ̂ (2 . 3 .6 )
th e  b ran ch es  be in g  chosen so t h a t  and q^  have p o s i t iv e  
im aginary p a r t  th ro u g h o u t th e  c u t a) p la n e . A lthough th e  i s o t r o p ic  
case i s  d e g en e ra te  to  th e  e x te n t  t h a t  th e r e  i s  a  double e ig en ­
v a lu e , we can s t i l l  f in d  an  independen t s e t  o f  e ig e n -v e c to rs  
Un(Ç). With Ç= (k ^ jk ^ tp )  we may choose
-  2 0  -
"1 = ' ' l ( I k l^  + p ^ ) Ug = k l?
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(2 . 3 . 7 )
co rresp o n d s to  a  P-wave and co rre sp o n d  to  SV- and
SH- waves r e s p e c t iv e ly .
The m a tr ix  C(Ç) i s  g iv en  by
G (k^,k2»p) = PP 0 pk^
0 pp pk^
Xk^ Xk^ (X+2p)p
(2 . 3 . 8 )
From (2 . 3 . 7 )  and (2 . 3 . 8 ) u s in g  d e f i n i t i o n  ( 2 .2 .2 6 )  we have
S(p) = - 2 a k ^ p ^ / d  p k ^ ( p | - l k l ^ ) / ( £ 0  | k | )
-2 a k ^ p ^ /:j pk2(P2“  l ^ ) / ( ^  1^1 )
a ( p ^ - |k |^ ) /w  2 p ik |p ^ /w
- k ^ p ^ /  Ik I
(2 . 3 . 9 )
The co rre sp o n d in g  e x p re ss io n  f o r  S ( r )  fo llo w s  by re p la c in g  p 
by - r .  The c a lc u la t io n  o f  th e  m a tr ix  o f  r e f l e c t i o n  c o e f f i c i e n t s ,
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R, r e q u ir e s  th e  in v e r s io n  o f  S ( r ) .  The d e te rm in a n t o f  S ( r )  i s
apqpD/cO ^ , where
D = ( I r -  + 4 lk |Z qgq P (2 .3 .1 0 )
and i s  z e ro  when 60 = Y ? |k |^ ,  Y„ d e n o tin g  th e  R ayleigh  wave
speed . F u l l  e x p re s s io n s  f o r  th e  components o f  th e  m a trix  R a re
g iven  in  th e  ap p en d ix .
As m entioned a t  th e  end o f  th e  p re c ed in g  s e c t io n  we can
perform  th e  in t e g r a t io n  w ith  r e s p e c t  to  q f o r  any o f th e  term s
G , G . Any term  h as  th e  form n '  mn
I  = 1 f  dO X  ds F(n.n)  
8 n P ir  J  J  i|i + cos 9
(2 .3 .1 1 )
2  2 ~where r  = (x^ + x^)^ and RqXq = rc o s  0 . The fu n c tio n  4*
depends upon Q , t ,x ^  and z ,  b u t s in c e  th e  p 's  and r* s  a re
independen t o f  q , ^ does n o t depend upon q , n o r does th e  co n tou r
r. A lso , from  e q u a tio n s  ( 2 .2 .3 1 ) ,  (2 .2 .3 2 )  and (2 .2 .3 3 )  i t  i s
c le a r  t h a t  any one o f  th e  fu n c tio n s  F (Q ,q ) h as  th e  same q
Tdependence a s  some U U f o r  some m and n . I t  i s  f u r th e r  no tedm n
th a t  m = 3 i f  and o n ly  i f  n = 3 s in c e  SH- waves do n o t i n t e r a c t  
w ith  SV- o r  P - w aves. Thus, r e f e r r in g  to  ( 2 .3 - 7 ) ,  any F(Q ,q) 
has th e  form
F(0,Tl) = a+ h i^ (2 .3 .1 2 )
a+bqî cq.
d ill
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where a , b , c , d , e a r e  fu n c t io n s  o f Q o h ly .F i s  an i s o t r o p ic  te n s o r  
va lued  fu n c tio n  o f  an d , co rre sp o n d in g ly  G i s  an
i s o tro p ic  fu n c tio n  o f  I t  s u f f i c e s ,  t h e r e f o r e ,  to
ev a lu a te  th e  i n t e g r a l  I  f o r  x^ = r  and x^ = 0. T h is  r e q u ir e s  th e  
c a lc u la t io n  o f  th e  i n t e g r a l s
/>2n
J -  I de  . Jq “  /  2fld0  , J a p = f  d9 ,
A j i + n o s e  •'o  > l'+ co s9  4  i | i+ c o s 9
(2 .3 .1 3 )
where q = (co s  0 , s in  0 ) .  As 0 v a r i e s ,  th e  ze ro  in  th e  
denom inator, which i s  a t  p o s i t io n  P in  th e  Q p la n e , t r a c e s  o u t 
a  cu rv e , i l l u s t r a t e d  by th e  dashed l i n e  in  f ig u r e  2 .1 .  T h is  
d e f in e s  an  a d d i t io n a l  c u t  in  th e  Q -p la n e  a c ro s s  which th e  
in te g r a l  w ith  r e s p e c t  to  q i s  n o t an  a n a ly t ic  fu n c tio n  o f  Q. 
However, f o r  t > 0 ,  t h i s  c u t rem ains in  th e  u p p er h a lf -p la n e  and 
i s  s e p a ra te d  from  th e  co n to u r P f o r  any s t r i c t l y  p o s i t iv e  v a lu e  
o f th e  p a ra m e te r e in  (2 .2 .4 2 ) .  The com plete e x p re ss io n s  f o r  
th e  i n te g r a l s  J ,  and th e  r e s u l t in g  r e p re s e n ta t io n  f o r  G, a re  
g iven  in  th e  Appendix.
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2 .4  ARRIVALS
The a r r i v a l s ,  o r  w av efro n t s i n g u l a r i t i e s ,  a s s o c ia te d  w ith  
th e  G reen 's  te n s o r  G have been  d is c u s s e d  by W il l i s  and Bedding 
(75)* However, in  t h i s  s e c t io n  we d e s c r ib e  how th e y  a re  
gen era ted  by th e  r e p r e s e n ta t io n  developed  h e r e ,  s in c e  th e  
procedure f o r  computing th e  i n t e g r a l s  around f  h as  been 
designed to  cope w ith  s i n g u l a r i t i e s  in  th e  in te g ra n d  which a re .  
a s s o c ia te d  w ith  some o f  th e  a r r i v a l s .  The case  o f  an  i s o t r o p ic  
h a lf -sp a c e  w i l l  be c o n s id e re d  to  f a c i l i t a t e  th e  d is c u s s io n  
o f th e  n u m erica l r e s u l t s  t h a t  fo llo w . I t  i s  n o te d  t h a t  th e  
a r r iv a l s  have n o t been com prehensively  summarized e lsew h ere .
We b eg in  by c o n s id e r in g  th e  d i r e c t  a r r i v a l s  a s s o c ia te d  
w ith  G^. I f  r e p re s e n ts  th e  co rre sp o n d in g  w ave-speed ( th a t  
i s  = Cl , Y2 “  = p ) ,  th e n  when x ^ - z > 0  th e  i|>term, s ay ,
i s  g iven  by
-  ^ ) -  O i) , ( 2 .4 .1 )
where
■ '(# ■ i
The complex Q -p lan e  has c u ts  a lo n g  th e  segm ents (-oo , - ^ ) ,  
(Yn»*®) o f  th e  r e a l  a x is  to g e th e r  w ith  a  c u t a lo n g  th e  curve 
tra c e d  o u t by th e  zero  o f  th e  fu n c tio n  + co s0  , a s  0 v a r ie s  
from 0 to  2n . A lthough shown in  a  g e n e ra l  way in  f ig u r e  2 .1  th e  
a c tu a l p o s i t io n  o f  t h i s  cu rve  depends upon th e  v a lu e s  o f  x ,z  
and t .  I f  t  < ( x^ - z ) / y^ i t  i s  easy  to  show t h a t  + cos 0 has
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no zeros a t  a l l  in  th e  Q -p lan e  c u t a lo n g  th e  segm ents o f  th e  
r e a l  a x is  a s  in d ic a te d .  (The r o o ts  o b ta in e d  from sq u arin g  and 
so lv in g  th e  r e s u l t i n g  q u a d ra t ic  b o th  have n e g a tiv e  im aginary  
p a r t s , hence + cos 0 has a  n e g a tiv e  im ag inary  p a r t  and bo th  
ro o ts  l i e  on Riemann s h e e ts  co rre sp o n d in g  to  r ^  r a t h e r  th an  
p ^ ) . I t  fo llo w s  by deform ing th e  c o n to u r t h a t  = 0 , a s  
expected  s in c e  a  wave t r a v e l l i n g  w ith  speed h as had 
in s u f f i c i e n t  tim e to  t r a v e l  from d ep th  z to  d ep th  x^ even a t  
x^ = Xg = 0 . Z eros o f  »p̂  + co s0  do however o c cu r when 
t  > ( x^ - z ) / y^ .  I f  Q l i e s  j u s t  above th e  c u t a lo n g  th e  p o s i t iv e  
r e a l  a x is  th e n  p^ i s  r e a l  and n e g a tiv e  b u t s m a lle r  in  m agnitude 
th an  O /Y • (p i s  th e r e f o r e  r e a l  and so ip + cos 0 v a n ish e s  f o r  
someO p ro v id ed  t h a t  Hp^l ^ 1 ,  t h a t  i s  i f  r  i s  la r g e  enough.
For a  g iven  r ,  how ever, th e re  i s  no r e a l  zero  o f  ip  ̂ + cos 0 i f  
I cos 0 I i s  sm all enough. Thus th e  curve has a  complex p a r t  and 
may in  a d d i t io n  have s e c t io n s  ly in g  j u s t  above th e  r e a l  a x is  
f o r  which IO |> Y ^, i f  r  i s  s u f f i c i e n t l y  l a r g e .  The a c tu a l  
b eh av iou r o f  th e  zero  o f  vp̂  + cos 6 a s  0 v a r ie s  may be 
e s ta b l is h e d  by c o n s id e r in g  th e  in v e rse  o f  th e  mapping 
cos 0 = -vp^(Q). T h is  i s  s in g u la r  when dib^/dQ = 0 , t h a t  i s  when
t  + dp^ (x ^ -z )  = 0 and 4 ^((ÿ  + cos 0 = 0 .  (2 .4 .3 )
dQ
These e q u a tio n s  have e x p l i c i t  s o lu t io n
t  = (r^ c o s^ 0  + (x^ - z ) ^ ) 2 /y^ . (2 .4 .4 )
For f ix e d  t  ( 2 .4 .4 )  g iv e s  th e  v a lu e  o f 0 a t  which th e  zero  o f 
i|î (Q) + COS0 tu r n s  in to  th e  u p per h a l f  o f  th e  Q -p la n e . In
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p a r t i c u l a r  f o r  > t ^ ,  where
+ (% 3-z)^)/Y n » ( 2 .4 .5 )
th e  zero  o f  vp  ̂ + cos 0 i s  in  th e  up p er h a lf -p la n e  f o r  a l l  r e a l
0 between 0 and 2n . Thus t  d e f in e s  a  tim e a t  which th en
c h a ra c te r  o f  th e  in te g ra n d  changes and i t  w i l l  be shown th a t
t  i s  th e  a r r i v a l  t im e . I t  i s  u s e f u l  to  denote  th e  zero  o f  n
^  + 1 a t  tim e t ^  by -  Q ^. The c u t Q -p la n e  i s  shown in  f ig u re
2 .2 a  f o r  t < t ^  and in  f ig u r e  2 .2 b  f o r  t > t ^ .  In  e i t h e r  case
th e  c u t in  th e  Q -p la n e  maps onto  th e  segment -1 <  1 o f  th e
r e a l  a x is  in  th e  vp^-plane, and i s  a  n a tu r a l  segment over which
to  make a  c u t  in  th e  vp^-plane to  d e f in e  th e  b ranch  o f th e  
2  —fu n c tio n  (vp^-l)^ t h a t  o ccu rs  in  th e  in te g ra n d  th rough  th e  
in te g r a l s  J .  (see  A ppendix). I t  i s  h e lp f u l , in  th e  a n a ly s is  t h a t  
fo llo w s , to  c u t th e  ^ ^ -p la n e  a lo n g  th e  segm ents < v p ^< -1  
and 1 o f  th e  r e a l  a x is  in s te a d .  The c u ts  shown in
f ig u re  2 .2 a  and 2 .2 b  a re  th e n  re p la c e d  by c u ts  produced by 
th e  mapping o f  th e s e  new c u ts  in to  th e  Q -p la n e . The new fu n c tio n
^ , so d e f in e d  ta k e s  th e  same v a lu e s  a s  th e  o r ig in a l  one(ü f - i )2
everywhere on th e  c o n to u r  P . The new c u ts  in  th e  Q -p lan e  a re  
shown in  f ig u r e s  2 .3 a  and 2 .3 b .
The in t e g r a l  may now be tran sfo rm ed  by deform ing th e  
co n to u r so t h a t  i t  e n c lo se s  th e  b ranch  c u ts  in  e i t h e r  f ig u re  
2 .3a- o r  2 . 3b ,  depending  on w hether t  i s  s m a lle r  th an  o r 
g r e a te r  th a n  t ^ .
Exam ination o f  th e  in te g ra n d  o f  G^, g iven  by eq u a tio n s  
( a .5 ) to  ( a . 7 ) o f  th e  ap p en d ix , r e v e a ls  t h a t  when Q i s  r e a l  and 
lQ l>Y ^» vp  ̂ i s  r e a l  and th e  in te g ra n d  o f  G^ e v a lu a te d  a t
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(a )  t < t .n
(b) t > tn
F ig u re  2 .2 .  The branch  c u t (which i s  i d e n t i c a l  to  th e  
lo cu s  o f  P shown sc h e m a tic a lly  in  f ig u re
p i
5 . 1 ) o f  th e  fu n c tio n  (xp^-l)^.
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(a )  t < t .n
(b) t  >,t
F igu re  2 .3 .  Complementary b ran ch  c u ts  f o r  th e  fu n c tio n
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-  Q  + Oi i s  minus i t s  ..value a t  Q  + O i. I t  fo llo w s  t h a t  th e  
in te g r a ls  a long  th e  r e a l  arms o f  th e  b ran ch es  can c e l o u t .  T h u s ,. 
when t  i s  sm a lle r  th a n  th e  tim e t ^ ,  = 0 , and when t  i s
g r e a te r  th a n  t ^ ,  may be e v a lu a te d  by in te g r a t io n  a round  th e  
curved a r c s  in  f ig u r e  2 .3 b  o n ly , and i s  n o n -z e ro . Thus t ^  i s  th e  
a r r i v a l  tim e . When t  i s  j u s t  g r e a t e r  th a n  th e  a r r i v a l  tim e 
th e se  curved a r c s  a re  e f f e c t iv e ly  s h o r t  and s t r a i g h t ,  and th e  
term  in  th e  in te g ra n d  t h a t  v a r i e s  most r a p id ly  i s  ( J |^ - l)  ^ . 
A sy m p to tic a lly , t h e r e f o r e ,  G^ may be e s tim a te d  by e v a lu a tin g  
every  o th e r  term  in  th e  in te g ra n d  a t  O ^ , and app rox im ating  
by i t s  T ay lo r s e r i e s  ab o u t Q ^, t ^ .  The o th e r  a r c ,  n e a r  
-C ^, can be t r e a te d  s im i la r ly .
Near to  Q , t  , s in ce  \\j (p. , t  ) = 1 and (d  , t  = 0 ,n n n '  n n '  ^ n ' n n '
we have
+ ^ -n )(t-t^ )/r  + (fl-rOj% r/2, (2.4.6)
where d en o tes  ^ e v a lu a te d  a t  , t  . A sy m p to tic a lly ,
? 1
(vbjj-l)  ̂ ta k e s  th e  form
(<V -̂l)-i~ j (Q + 2(fl-ri)(t-t^) + 2J3(t-t^)^
rv l/” rv l/”n n
(2 .4 .7 )
The sm all complex s e c t io n  o f  th e  b ranch  c u t ru n s  from i2^ to  th e  
value 12 g of SI a t  which ( 2 .4 .? )  i s  s in g u la r ,  nam ely.
\  rvV|J /
• ( 2 .4 .8 )
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i s  com plex, a s  r e q u i r e d ,  s in c e  r  i s  p o s i t iv e .
The form o f  th e  a r r i v a l  can now be de term ined  by e v a lu a tin g  
th e  in t e g r a l
I = 9  (< - l)  2 di2 (2.4.9)
a s y m p to tic a l ly ,  f o r  t  c lo se  to  t ^ ,  around a  c o n to u r t h a t  
e n c lo se s  th e  complex arm o f  th e  b ranch  c u t. The r e s u l t  i s
I  = -in (v p ")"^ . (2 .4 .1 0 )
The d i r e c t  a r r i v a l s  a r e  now, in  e f f e c t  d e te rm in ed . They have 
s te p  fu n c tio n  tim e dependence and a r e  g iven  e x p l i c i t l y  in  th e  
app en d ix .
The a r r i v a l s  f o r  r e f l e c t e d  waves can be t r e a t e d  s im i la r ly .
The '/ '- fu n c tio n  co rre sp o n d in g  to  i s  g iv en  by
= r " ^ ( Q t  + rj^x^-PjjZ-O i). (2 .4 .1 1 )
The in te g ra n d  in v o lv in g  t h i s  term  h as a  b ranch  c u t o b ta in e d  from 
th e  in v e rse  o f  th e  mapping cos 6 = "^ 4 ^ ( o ) . The b ran ch  c u t 
moves in to  th e  upper h a l f  Q -p lane  when Q i s  such t h a t  
dvbmn/'i^ = 0. C o rre sp o n d in g ly , th e  a r r i v a l  tim e t ^ ,  and th e  
co rresp o n d in g  v a lu e  Q ^  o f  Q , a re  d e f in e d  by th e  e q u a tio n s
= (2 .4 .1 2 )
However, w hereas f o r  th e  d i r e c t  waves G^ = 0 f o r  t  < t ^ ,  we 
cannot make a  co rre sp o n d in g  s ta te m e n t f o r  G ^ .  The r e s u l t  depends 
upon th e  "odd" p ro p e r ty  o f  th e  in te g ra n d  f o r  th e  r e a l  Q , and 
t h i s  p ro p e r ty  on ly  h o ld s  f o r  Q la rg e  enough f o r  a l l  o f  th e
-  3 0  -
p - and r -  fu n c tio n s  in  th e  in te g ra n d  to  be r e a l .  There i s  no
2 1
problem a s  long  a s  th e  b ranch  c u t f o r  ( tu rn s  in to  th e
upper h a l f -p la n e  a t  a  r e a l  v a lu e  o f  Q f o r  which I O |> a .
fo llow s th e  p a t t e r n  a lr e a d y  e s ta b l i s h e d  s in c e  i t  c o n ta in s
on ly  , b u t th e  o th e r  G ^  c o n ta in  b o th  and q^ . A d d itio n a lly ,
i f  c o n ta in s  q^  ̂ i t  i s  easy  to  show th a t  th e re  i s  no problem ,
so G^^ (when and z n o t b o th  z e r o ) ,  (when x^ = O) and
G^i (when z = O) a re  a l l  ze ro  p r i o r  to  t h e i r  co rresp o n d in g
a r r i v a l  tim e s . However, G^g# to g e th e r  w ith  G^^ when x^ = 0 and
Gg^ when z = 0 , have a  more co m p lica ted  b eh av io u r, The fu n c tio n
2 1.
'1*22 c o n ta in s  o n ly  q ^ , and so th e  b ranch  c u ts  f o r  may
co n ta in  p o in ts  on th e  r e a l  segm ents p < l n l < a  . The c o n d itio n  
f o r  t h i s  t o  o ccu r may bé in v e s t ig a te d  by c o n s id e rin g  th e  
l im i t in g  case  f o r  which I q I  = a  i s  a  s o lu t io n  o f  eq u a tio n s  
(2 .4 . 12) w ith  m = n = 2 . T h is  g iv e s
r  ( tg g  + (o2  -  1 )  + z ) )  = 0 (2 .4 . 13)
and
r " ^ (  tp p  + (o^  -  1 ) 2 (x_ + z ) )  = -  1 . (2 .4 .1 4 )
p2  j
E lim in a tin g  t 2^ g iv e s  th e  c o n d itio n
(x + z) i  r ( a 2 ^ 2  _ = o , (2 .4 .1 0 )
which d e f in e s  a  cone, c e n tr e d  x^ = - z ,  r  = 0 , o u ts id e  which a 
head  wave a r r i v e s  b e fo re  th e  r e f l e c t e d  S-S wave. I t  can be shown 
t h a t ,  i f  X l i e s  w ith in  t h i s  co n e , th e  r e a l  s e c t io n s  o f  th e  
branch  c u t a re  o u ts id e  th e  re g io n  - a < Q < a a n d  so G22 i s  zero
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p r io r  to  th e  a r r i v a l  tim e . T h is  c o n c lu s io n  does n o t h o ld  when 
X l i e s  o u ts id e  o f  th e  cone.
We can examine th e  form o f  th e  a r r i v a l  in  e i t h e r  c a s e , by- 
expanding th e  fu n c tio n  in  a  T a y lo r s e r i e s  ab o u t th e  p o in t  
^ 2  b u t in  th e  head wave re g io n  i t  i s  n e ce ssa ry  to  e v a lu a te  th e  
in te g r a l
around a  c lo se d  co n to u r t h a t  e n c lo se s  a  p o r tio n  o f  th e  r e a l  arm 
o f  th e  b ran ch  a s  w e ll a s  th e  end o f  th e  c o n to u r , w hether o r 
n o t th e  b ran ch  c u t tu r n s  in to  th e  u p p e r h a l f  p la n e . The r e s u l t
i s ,  a s y m p to tic a l ly  f o r  t  c lo se  to  t 2 2 *
= -( '( '2 2 )^^  [ l n | t - t 2 2 l  + in H ( t - t2 2 ) ]  # (2 .4 .1 ? )
which i s  c o n s i s te n t  w ith  (2 .4 .1 0 ) .
Thus, in  th e  head  wave re g io n  th e  w avefron t s in g u la r i ty  c o n s is ts
o f  bo th  lo g a r i th m ic  and s te p  fu n c tio n  te rm s , w h ile  o u ts id e  t h i s
re g io n , i t  h a s  j u s t  s te p  fu n c tio n  form . The f u l l  e x p re ss io n s  f o r
th e  a r r i v a l s  f o r  r e f l e c t e d  waves a r e  a g a in  g iv en  in  th e  Appendix.
F in a l ly ,  we c o n s id e r  th e  form o f  th e  head wave a r r i v a l
i t s e l f .  The a r r i v a l  tim e  t „  i s  th e  tim e  a t  which th e  b ranchn
p o in ts  f o r  (< 2̂2 e n te r  th e  segm ent lOl — a  , and i s  fo u n d ,
by s u b s t i t u t i n g  O = a  in to  i|̂ 22 M  = -  1 , to  be
ty  = ( r  -  I x^ + z | ( q^ ^ ^  -  l ) ^ ) / a  . (2 .4 .1 8 )
Expanding i|>22 in  a  T a y lo r s e r i e s  a b o u t t  = t ^ ,  Q = a  g iv e s
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a ( t - t ^ ) / r  + (Q -  (2 .4 .1 9 )
so t h a t  a t  tim e  t  th e  b ranch  p o in t  i s  g iv en  a s y m p to tic a l ly  by 
Q = Q ^ where
* (2 .4 .2 0 )
We can now f in d  th e  form o f  th e  head wave a r r i v a l  by in v e s t ig a t in g  
th e  a sy m p to tic  b eh av io u r o f  th e  i n t e g r a l  d e f in in g  0^2• The "odd" 
p ro p e r ty  i s  b roken by th e  te rm  which i s  sm all n e a r  to  
n  = a . The form o f  th e  a r r i v a l  i s  found by expanding th e  
in te g ra n d  a s  f a r  a s  th e  term  l i n e a r  in  q , and i s  th u s  g iven  by
Ijj = f  / o £  -  iV c + la  -  1 ) :  a o -  (2 .4 .2 1 )
A sy m p to tic a lly , f o r  t  j u s t  g r e a t e r  th a n  t ^ ,  th e  r e s u l t  i s
which shows t h a t  th e  a r r i v a l  i s  o f  th e  form o f  a  l i n e a r  ramp. 
The f u l l  e x p re s s io n  f o r  th e  head  wave a r r i v a l  i s  g iv en  in  th e  
A ppendix.
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2 .5  THE SOLUTION AT r  = 0
At a  p o in t  d i r e c t l y  above o r  below th e  so u rc e , th e  s o lu t io n  
ta k e s  a  s l i g h t l y  d i f f e r e n t  form from  th a t  g iv en  in  s e c t io n  3- 
In  p a r t i c u l a r ,  when r  = 0 , th e  i n t e g r a l  in  (2 .3 .1 1 )  may be 
w r i t te n  a s
I  = 1 / a n  i d s F ( n . n )  . (2 . 5 . 1 )fd Q / , i l
8 tP i  J p  J  0 ( O ,t ,x _ ,3 . 2 )
The e v a lu a tio n  o f  I  r e q u i r e s  th e  c a lc u la t io n  o f  th e  in te g r a l s
2 n  2 n  2n
o = /  d0 , = / i l a d e  , = /  l a ' I la d . J qb n .n p d G  , (2 -5 .2 )
which co rre sp o n d  to  th e  i n t e g r a l s  in  (2 . 3 . 13) ,  and where 
H = (cos 0 ,  s in  0 ) .  The r e s u l t s  a r e
j J  = 2 n  , = 0 , n  ,
■̂ 12 “  4 l °  2 , . (2 . 5 . 3 )
The term s and G ^  a re  g iv en  by
Gn = _ 1  f  nl(Q) dO . = _ 1  f  H ^ ( 0 )  dQ , ( 2 .0 .4 )
* ( 0 )  $ (O)
h1 _ _  -.1where H"̂  and  H a re  o b ta in e d  from th e  co rresp o n d in g  H and H , n mn ^  n mn'
given  in  th e  A ppendix, by re p la c in g  th e  J* s  by th e  co rrespond ing
J^*s and th e  ijf 's  by th e  co rre sp o n d in g  0 * s .  The fu n c tio n s  H^(*fî)
have no b ran ch  p o in ts  in  th e  u p p e r h a l f - p la n e , b u t may have p o le s
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th e r e .  We c o n s id e r  a s  an exam ple; th e  co rresp o n d in g  0^ i s ,  
f o r  x ^-z  >  0
^ n ^ ^  + p ^ (x ^ -z ) -O i. ( 2 .5 .5 )
I t  i s  easy  to  show t h a t  0^(/%) = 0 h as no s o lu t io n s  f o r  t <  (x ^ - z ) /y ^ ,
w hile  f o r  t  > ( x« - z ) / y th e r e  a r e  s o lu t io n s  a t  D  = - f2  where '  3 n p
U p  = i ( 0 ^ - z ) ( t^ - ( x ^ - z ) V Y n )   ̂ • ( 2 .5 .6 )
Thus, f o r  t  > (x ^ -z ) /y ^  we can deform  th e  co n to u r around th e  
s in g le  p o le  in  th e  u p p e r h a l f -p la n e  to  g iv e  by C auchy's theorem
= 1  H > p ) / * n  '  ( 2 ,5 .7 )
87t̂ P
where 0^  = d(*^/dQ. e v a lu a te d  a t  O  =Q ^ . That i s
0 ^  = ( t^  -  (x ^ -z )^  ) / t .  (2 . 5 . 8 )
Y :
We n o te  t h a t  a l l  o f  th e  denom inators in  and a r e  0(o^) o rn mn p '
h ig h e r  f o r  l a r g e / l ^ ,  so t h a t  n e a r  to  th e  a r r i v a l  tim e th e
co rre sp o n d in g  G and  G a re  f i n i t e .°  n mn
Thus, f o r  r  = 0 , th e  c lo se d  s o lu t io n  f o r  th e  G reen 's  te n s o r
can be o b ta in e d  from th e  p re s e n t  R e p re se n ta tio n , th e  te rm s G^
being  g iv en  by ( 2 .5 .? )  &nd ( 2 .5 .8 )  w ith  co rresp o n d in g
e x p re ss io n s  f o r  th e  G te rm s .mn
The s o lu t io n  a t  th e  e p ic e n t r e ,  r  = 0 , x^ = 0 , has been
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g iven  p re v io u s ly  by S in c l a i r  (79)* The s o lu t io n s  f o r  ^ 0 
do n o t a p p ea r to  have been l i s t e d  anyw here, p ro b ab ly  because 
th ey  a re  o f  l i t t l e  p r a c t i c a l  im portance in  seism ology o r  in  
a c o u s tic  em iss io n  prob lem s. We s h a l l  n o t l i s t  th e  s o lu t io n s  
h e re , b u t n o te  t h a t  th e y  a re  com ple te ly  c lo se d  and can be 
o b ta in e d , u s in g  sim ple  a lg e b r a ,  from th e  s o lu t io n s  f o r  
r  0 g iv en  in  th e  Appendix.
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2 .6  COMPUTATION
The G re e n 's  fu n c tio n  G may he c a lc u la te d  "by e v a lu a tin g
th e  i n t e g r a l s  in  (A.4 ) .  However, th e re  i s  no need to  in te g r a te
2 ~over th e  whole o f  th e  co n to u r f ,  "because th e  fu n c tio n  (f - l ) ^ , 
d e fin ed  by th e  c u ts  in  th e Jd -p la n e  shown in  f ig u r e s  33-,b ,  i s  
an even fu n c t io n  and i t  i s  easy  to  v e r i f y  t h a t  th e  in te g ra n d s , 
g iven  by (A .5 ) to  (A .1 2 ) , each have th e  p ro p e r ty
H W  = - H ^ ) ,  (2 .6 .1 )
where th e  superposed  b a r  d en o tes  th e  complex c o n ju g a te . T h is 
p ro p e rty  g u a ra n te e s  t h a t  G i s  r e a l ,  a s  i t  shou ld  be a n d , in  
a d d i t io n ,  a llo w s  th e  s o lu t io n  to  be deduced from th e  im aginary 
p a r t s  o f  th e  i n t e g r a l s  o f  th e  fu n c tio n s  H(i î ) ,  o v er co n to u rs  
in  th e  r i g h t  h a l f  o f  th e  c o m p le x Q -p lan e . In  a d d i t io n ,  th e re  
a re  o th e r  s im p l i f i c a t io n s .  The term  G^ i s  known, from s e c tio n  
4 ,  to  be z e ro  f o r  t  < t ^ ,  where t ^  i s  th e  a r r i v a l  tim e
(r^  + (x^ - z ) ^ ) 2 / y^ . When t  > t ^ ,  th e  fu n c tio n  - l ) ^  i s  r e a l
when |n | > a n d l l  l i e s  j u s t  above o r  below th e  r e a l  a x i s .  For
2
such v a lu e s  o f f ] , ^  ^ -  1 i s  r e a l  and s in g le - s ig n e d ,  because
a  s ig n  change can on ly  o ccu r a t  one o f  th e  b ranch  p o in ts  o f
2 ~  2 (^ ^ -1 )2 , w hich a re  complex. The s ig n  i s  p o s i t iv e  s in c e  )^ ^ -l i s
p o s i t iv e  w h e n fl i s  r e a l  and l a r g e .  I t  fo llo w s , t h e r e f o r e ,  th a t
when t  > t ^ ,  H(Q) i s  r e a l  a t  any p o in t  j u s t  above o r  below th e
branch  c u ts  f o r  th e  fu n c tio n s  p ^ ,r ^  and th e  symmetry p ro p e r ty
(5 . 1 ) shows t h a t  th é  b ranch  i n t e g r a l s  c a n c e l. T h e re fo re , s in ce  
th e  term s H^ have no R ay leigh  p o le s ,  when t  > t^  th e  term  G^
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may be c a lc u la te d  fRom th e  c o n tr ib u t io n  from th e  p o le  a t  th e  
o r ig in  a lo n e . T h is  r e s u l t  i s  n o t w holly  s u r p r i s in g ,  s in c e  th e  
in f in i te - b o d y  G re e n 's  te n s o r  co u ld  a ls o  be o b ta in ed  e x p l i c i t l y  
by e lem en tary  m ethods (see  f o r  exam ple. Love (4 4 ) ) . S im ila r  
re aso n in g  a p p l ie s  to  th e  term  G^^; which in v o lv es  on ly  q^.
The in te g r a l s  f o r  th e  rem ain ing  te rm s G ^  can a ls o  be s im p lif ie d .
When t  i s  g r e a t e r  th a n  t ^  (o r  t ^  i f  a  head wave e x i s t s  f o r
th e  term  in  q u e s t io n ) , s im i la r  re a so n in g  to  th e  above shows
th a t  H ^ (Q ) i s  r e a l  when |f] | > a  and-O l i e s  j u s t  above o r  below
2  —th e  r e a l  a x i s .  The b ranch  p o in ts  f o r  ( ^ ^ - l ) ^  a re  e i t h e r
complex ( f o r  t  > t  ) o r  e l s e  a r e  r e a l  and l i e  betw een 0=76  '  mn' '
a n d = a  ( f o r  t  > t > t , , ) .  I t  fo llo w s  th e r e f o r e ,  t h a t  th e  branch
 ̂ mn H
cu ts  c o n tr ib u te  n o th in g  f o r  |q  | >  a and th e  term s G ^  may be 
e v a lu a te d  from th e  in te g r a t io n  around th e  s e c t io n  o f  th e  b ranch  
c u t < a , to g e th e r  w ith  th e  p o le  c o n tr ib u t io n s  from th e  
o r ig in  and th e  R ay leigh  p o le . These p o le  c o n tr ib u t io n s  a re  found 
a s  fo llo w s
i = y  H ( n ) d n ,  (2 . 6 . 2 )
over a  c o n to u r C e n c lo s in g  a  p o le  o f  H(o ) a t f ]  I f  t h i s
po le  i s  o f  o rd e r  n ,  th e n  H(il) can be expanded in  th e  L auren t 
s e r ie s
H (a) = ^  ( 2 .6 .3 )
k=-n
We e v a lu a te  th e  i n t e g r a l  I  n u m e ric a lly  by choosing  C to  be a
c i r c l e  w ith  r a d iu s  r  and c e n tr e  a t  i l  and u s in g  th e  trap ez iu m
^ i (ru le  over N p o in ts .  T hus, p u t t i n g f l  = r e  ,
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I  = /  + re ^ ^ ) ire ^ ^ d Ç  = j  V '  iaj^(re^^)'^^^dÇ , (2 .6 .4 )
•'o •'o R=-n
which we approx im ate  by
^ j= l  k=-n
In te rc h a n g in g  th e  o rd e r  o f  summation g iv e s  
oo ^
1^211 E  E  e2"l(N-j)(k+l)/« . (2.6.6)
N k=-n j= l
I t  i s  c l e a r  t h a t  whenever N i s  a  .m u ltip le  o f  2 (k + l)  th e  second 
sum in  ( 2 .6 .6 )  i s  ze ro  a p a r t  from rounding  e r r o r s . F u r th e r ,  i f  
N i s  a  m u lt ip le  o f  tw ice  th e  prim e f a c to r s  o f  m, where m i s  
g r e a te r  th a n  th e  o rd e r  o f  th e  p o le ,  n , th en
27Tia  ̂ + gTj, ^  e2X i(N -j)(k4-l)/N   ̂ (2 .6 .? )
N k=m-l : '
J=1
From C auchy 's theorem  we know t h a t  I  = 2rria ^ and so th e  second 
term  in  ( 2 .6 .? )  i s  an  e r r o r  te rm . Thus, we can choose r < l  to  
g ive  th e  r e q u ire d  a c c u ra c y . In s p e c tio n  o f  eq u a tio n s  (A .5 ) to  
(a . 12) shows t h a t  H(Q) can have p o le s  a t  th e  o r ig in  up to  o rd e r  
5 . For such p o le s ,  ch o ice  o f  a  v e ry  sm all r a d iu s  r  would cause 
lo s s  o f  s i g n i f i c a n t  f i g u r e s ,  w h ile  cho ice  o f  a  l a r g e r  r  would 
re q u ire  an in c re a s e  in  th e  number o f  in te g r a t io n  p o in ts  to  c u t 
out more te rm s in  th e  L au ren t s e r i e s .  I t  was found in  p r a c t ic e  
t h a t  a  r a d iu s  o f  0 .0 5  was s u i t a b l e ,  which w ith  double p re c is io n  
a r i th m e tic  g u a ra n te e d  s ix  f ig u r e  accu racy .
The b ranch  c u t i n t e g r a l s  may be sim ply e v a lu a te d  u s in g
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th e  trapezium  r u l e .  The te rm s t h a t  co n ta in  no head-wave
c o n tr ib u tio n s  have ( a t  m ost) square  ro o t  s i n g u l a r i t i e s  a t  th e
e n d s n  = o f  th e  range o f  in te g r a t io n ,  which can be d e a l t
w ith by u se  o f  v a r ia b le  tra n s fo rm a tio n s  (IL=/^ + u o r
a - r  ) .  In  p r a c t i c e ,  h ig h  accu racy  was n o t sought and
r e s u l t s  were u s u a l ly  c o r r e c t  to  4 f ig u r e s .  The te rm s t h a t
c o n tr ib u te  to  th e  head wave re q u ire  s l i g h t ly  more e la b o ra te
tre a tm e n t because t h e i r  in te g ra n d s  have a  s in g u la r i t y  a t
X I= fIg  (d e fin e d  ap p ro x im a te ly  by eq u a tio n  ( 2 .4 .8 )  w ith  th e
s u f f ix  n re p la c e d  by th e  double s u f f ix  2 2 ) , which depends on
X cind t  and l i e s  on th e  b ranch  l i n e  when t „ „ < t < t „ .  T his
n
s in g u la r i ty  can a ls o  be handled  by u s in g  a  change o f  v a r ia b le s ,
b u t to  av o id  th e  need to  c a lc u la te  th e  whole in te g ra n d  a t
d i f f e r e n t  v a lu e s  o f  f l  f o r  each x and t ,  th e  "smooth" p a r t  
2 “(namely, (^'22” ^ ^ ^ ^ ^ ) ^  can be e v a lu a te d  a t  eq u a l i n t e r v a l s
and in te rm e d ia te  p o in ts  e s tim a te d  by l i n e a r  in te r p o la t io n .
2Thus, o n ly  th e  term  0^22” ^^  ̂ has to  be e v a lu a te d  a t  d i f f e r e n t  
p o in ts  f o r  each x and t .  The r e s u l t s  in  p r a c t ic e  were c o r r e c t  
to  a t  l e a s t  3 f ig u r e s .
'F in a l ly ,  i t  i s  r e c a l le d  t h a t  much o f  th e  in te g ra n d  
H(Q) i s  in d ep en d en t o f  x and t ,  and may be ta b u la te d  f o r  use  
in  e v a lu a tin g  th e  G re e n 's  te n s o r  a t  d i f f e r e n t  x and t .
2 .7  FLUID-LOADED STRUCTURES
The a n a ly s i s  p re s e n te d  h e re  f o r  a  h a lf - s p a c e  may he 
extended to  ap p ly  to  th e  r e f l e c t i o n  and tra n s m is s io n  o f  waves 
a t  an in t e r f a c e  betw een d i f f e r e n t  m edia. The b a s ic  r e l a t i o n s ,  
f o r  th e  tw o -d im en sio n a l problem , a re  g iven  in  s e c t io n  2 o f  
Bedding and  W il l i s  (8 0 ) . For th e  s p e c ia l  case  o f  an is o t r o p ic  
f lu id - lo a d e d  h a l f - s p a c e  ( th e  f l u i d  occupying x^ >  O ), i f  th e  
d e n s ity  o f  th e  f l u i d  i s  p* and c d en o tes  i t s  wave sp eed , i t  
can be shown t h a t  th e  r e f l e c t i o n  c o e f f i c i e n t s ,  f o r  waves w ith in  
th e  s o l i d ,  ta k e  th e  form
R ll  = -  I [ ( ^  -  |k |2 ) 2 _ 4 |k |2 q ^ q ^ j+  | / D ,
R22 = R11
% 2 "  -  I k |^ ) / ( d D ) ,
^21 "  ^ c i |k |q ^ ( ^  -  |k |^ ) / ( ^ D ) ,
R33 = 1 , (2 . 7 . 1 )
where
D = (q |  -  I k l ^ f  + 4 | k j \ q ^  + (2 .7 .2 )
and
= ( w W  -  I k p F  . (2 . 7 . 3 )
E quations ( 2 .7 .1 )  red u ce  to  (A .l )  when W ithin th e
s o l id ,  th e  r e p r e s e n ta t io n  (A.4 )  f o r  G s t i l l  a p p l ie s ,  excep t
-  4 1  -
th a t  th e  r e f l e c t i o n  c o e f f i c i e n t s  t h a t  ap p ea r in  e q u a tio n s  (A .8)/
to  ( a .12 ) a r e  now g iv en  by (2 . 7 . I ) .  Pole c o n tr ib u t io n s  come 
from th e  o r i g i n ,  Q_= 0 and th e  z e ro s  -  Yg ( 2 . ? .2 ) ,  which
correspond  to  S to n e le y  waves. There a re  a d d i t io n a l  b ranch  p o in ts  
a t f l . =  -  c b u t no new wave f r o n t s  a r e  in tro d u ce d  in  th e  s o l id  
i f  c<fi.
In  th e  n e x t s e c t io n  some r e s u l t s  a re  g iv en  f o r  th e  resp o n se  
w ith in  a  f lu id - lo a d e d  h a l f - s p a c e .
F in a l ly ,  i t  i s  rem arked t h a t  tra n s m is s io n  c o e f f i c i e n t s  may 
a lso  be found and th e  resp o n se  in  th e  f l u i d  due to  a  so u rce  in  
the  s o l id ,  o r  v ic e  v e r s a ,  may be found . In  a d d i t io n ,  th e  t r a n s i e n t  
response o f  a  f lu id - lo a d e d  p l a t e ,  (o r  la y e re d  p la t e )  co u ld  be 
found, u s in g  th e  g e n e ra l iz e d  ra y  method to g e th e r  w ith  th e  
in v e rs io n  te ch n iq u e  d e sc r ib e d  in  t h i s  c h a p te r .
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2 .8  RESULTS
F ig u res  2 .4 ,  2 .5  and 2 .6  show th e  non-zero  components o f  
th e  G reen 's  te n s o r  a s  fu n c t io n s  o f  tim e . P o is so n *s r a t i o  i s  
tak en  a s  0.25» and th e  (31) and (13) components o f  G have been 
p lo t te d  w ith  t h e i r  s ig n s  re v e r s e d , to  f a c i l i t a t e  com parison 
w ith  co rresp o n d in g  p lo t s  g iv en  by Johnson (? 4 ) ,  who co n s id e re d  
th e  h a lf - s p a c e  x ^ > 0 .  F ig u re  2 .4  shows th e  resp o n se  a t  th e  
s u r fa c e , a t  a  h o r iz o n ta l  d is ta n c e  eq u al to  f iv e  tim e s  th e  dep th  
I z | o f  th e  so u rce  and f ig u r e s  2 .5»  2 .6  show th e  resp o n se  a t  
th e  same h o r iz o n ta l  d is ta n c e  b u t a t  dep th s  eq u a l to  0 .5 |z |  and 
2 | z | ,  r e s p e c t iv e ly .  The p l o t s  ag ree  w ith  th o se  o f  Johnson , 
except t h a t  h i s  f ig u r e  6 ,  which co rresponds to  th e  p re s e n t  
f ig u re  2 .6 ,  shows no jumps a t  th e  tim e o f  a r r i v a l  o f  th e  S-P 
r e f le c te d  wave (co rre sp o n d in g  to  m=l, n=2). F ig u re  2 .6  does 
co n ta in  such jumps and t h e i r  am p litu d es  a re  c o n s is te n t  w ith  
th e  a sy m p to tic  fo rm ula (A .2 0 ) . The v a rio u s  a r r i v a l s  a re  
in d ic a te d  in  th e  f ig u r e s .
The dashed cu rv es  in  f ig u r e s  2 .4 ,  2.5» 2 .6  show th e  
co rrespond ing  re sp o n se s  f o r  th e  case  when th e  s o l id  h a lf - s p a c e  
i s  o v e r la id  by a  f l u i d  h a l f - s p a c e .  The f l u i d  i s  s p e c i f ie d  
by th e  r a t i o s
p'/p  = 0 .3 8 2 ,  c /^  = ( 2 .8 .1 )
which co rre sp o n d  ro u g h ly  to  g r a n i te  under w a te r . With th e se  
v a lu e s , th e  S to n e ley  wave h as speed = •5598yS = .9925c.
The r e s u l t s  show th a t  th e  f l u i d  a f f e c t s  th e  d e t a i l s  o f  th e  wave 
am p litu d es  b u t does n o t produce any m ajor q u a l i t a t i v e  change.
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Figure 2 .4 . The n o n -zero  components o f  th e  G re en 's  te n s o r  e v a lu a te d  
a t  th e  p o in t  ( 5 l z l ,0 ,0 )  on th e  s u r fa c e  o f  a  h a l f - s p a c e ,  where I z| 
denotes th e  d ep th  o f  th e  so u rce .
-------------f r e e  h a lf - s p a c e   f lu id - lo a d e d  h a lf - s p a c e
S
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F igure  2.5» The n o n -ze ro  components o f  th e  G re e n 's  te n s o r  e v a lu a ted
a t  th e  p o in t  (5 lz | »0. . 5 | z | )  on th e  su rfa c e  o f  a  h a lf - s p a c e  where
|z |  d en o tes  th e  d ep th  o f  th e  so u rc e .
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F igure  2 .6 .  The no n -zero  components o f  th e  G re en 's  te n s o r  
e v a lu a te d  a t  th e  p o in t  (5 lz l , 0 , 2 1 z l) on th e  su rfa c e  o f a  h a l f ­
sp ace , where Iz! d en o tes  th e  dep th  o f  th e  so u rce .
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2 .9  CONCLUSIONS
In  t h i s  c h a p te r  a  new method i s  p re se n te d  f o r  re d u c in g  th e  
term s in  a  " g e n e ra l iz e d  ra y  " expansion  o f  th e  dynamic G re en 's  
te n so r  f o r  an  e l a s t i c  h a lf - s p a c e  o r  la y e re d  medium. F or i s o t r o p ic  
media th e  f i n a l  r e p r e s e n ta t io n  in v o lv e s  th e  i n t e g r a l  around a  
co n to u r, which i s  independen t o f  b o th  tim e ( t ) , and. p o s i t io n ,
(x ) ,  o f a  f a i r l y  sim ple e x p l i c i t  fu n c t io n .  Much o f  th e  in te g ra n d  
i s  independen t o f  x and t  and may be ta b u la te d  to  save 
co m pu ta tional tim e  when e v a lu a tin g  th e  G re en 's  te n s o r  f o r  a  
range o f  v a lu e s  o f  x and t .  T hus, th e  method i s  l i k e l y  to  be 
more e f f i c i e n t  th a n  th e  e s ta b l is h e d  method o f  G agniard (39)» 
which in v o lv e s  th e  e x p l i c i t  d is c u s s io n  o f  a lg e b r a ic  fu n c t io n s ,  
and th e  method o f  W il l is  (73)» which r e q u ir e s  th e  s o lu t io n  o f  
a lg e b ra ic  e q u a tio n s  f o r  each p o s i t io n  x and tim e t .  A lthough 
th e  s o lu t io n  f o r  a  h a lf - s p a c e  h as been d e s c r ib e d , each term  in  
a  " g e n e ra liz e d  ra y  " s e r i e s  co u ld  be hand led  in  th e  same way.
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APPENDIX: FORMULAE FOR AN ISOTROPIC HALF-SPACE
The method f o r  c a lc u la t in g  G re e n 's  fu n c tio n  i s  e x p la in ed  in  
th e  main t e x t .  Im plem entation  in  d e t a i l  r e q u ir e s  ro u tin e  a lg e b r a ic  
m a n ip u la tio n , th e  r e s u l t s  o f  which a re  l i s t e d ,  f o r  an  i s o t r o p ic  
h a l f - s p a c e .
F i r s t ,  from (2 .2 .2 9 )  and ( 2 .3 .9 ) ,  th e  r e f l e c t i o n  m a trix  R 
has components R ^ ,  where
hl ~  hz~ ~ [  (Sp-|k |^)^-4lk|^qaSp ] /D ,
= -^ p lk |q p (q ^ - lk l^ ) / (a D ) ,
«21 = 4a|k|g,^(q^-|k|^)/(pD),
R^^ = Rg^ = ~ ^33 “  (A .l)
where q g ,q g  a re  g iv en  by (2 .3 * 6 ) and th e  R ayleigh  d e te rm in an t D 
i s  g iv en  by (2 .3 * 1 0 ) .The r e f l e c t i o n  c o e f f i c i e n t s  R ^  a re  s l i g h t l y  
d i f f e r e n t  from th o se  g iv en  by Pao and G ajew ski (77)» who employed 
n o rm a liz a tio n s  based  upon H elm holtz p o te n t i a l s  r a th e r  th a n  on 
wave a m p litu d e s . N ext, th e  J - i n t e g r a l s  d e f in e d  by (2 .3 .1 3 )  may 
be e v a lu a te d  to  g iv e
Jg = - 1 ) ” * t J i  = 2 n &  -  Jg  = 0 ,
J l l  = = 0 , J 22 = (A.2)
In  co rrespondence  w ith  (2 .2 .3 0 ) ,  G re e n 's  fu n c tio n  G i s  now g iv en  
in  th e  form
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3  3  3
°  ” E  ° n  E  E  Gn = l m=l n= l mn'
( A . 3 )
where G^, n*=l,2,3 a r e  a s s o c ia te d  w ith  d i r e c t  waves and t h e i r  
sum y ie ld s  G** and G ^ ,  m ,n = l,2 ,3  a r e  a s s o c ia te d  w ith  r e f l e c te d  
waves. The re a so n in g  t h a t  le d  t o  ( 2 .2 .3 9 ) ,  w ith  th e  p a th  o f  
in te g r a t io n  re p la c e d  by th e  c o n to u r  f ,  g iv e s  when x^= r and  x^=0.
t "l 6 i r i p r  J p
y - f
16tt ip r  Jp
H^Ca)<U4 ( A . 4 )
where H ( o ) ,  H _ (0 )  a re  a s  l i s t e d ,  n mn
H i(0) =
0
0 ,  ( A . 3 )
H ,(n ) = 0
-J iC * 2 )^3 r ,  ( A . 6 )
- J 2 2 ( % ) / ( P V ^
0 0
» ( A . 7 )
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(A .8)
°  ^ 2 ° '^ 2 2 ( f l2 ) / ( P ^ )  °
^ “ ^ q-̂ i ()^1 2 > / ( P ^ )  °  a i2 ° 9 o J o ( f l2 ) / ( P S p ^ )
(A. 9 )
«21(0) = - W ^ p J l l ( f 2 l ) / ( ° ^ ^ )  °  « 2 l P y i ( ) ^ 2 l V ( ‘̂ )
0 -B 2 iP g p J 2 2 (f2 i) /(“ 9 o ^ )  0
W ^ l ( f 2 l ) / ( ° ^ a ^ )  0  - « 2 1  P J o ( y 2 1 > / ( ' ^ i
(A .10)
^*^11 ̂ }̂ 22 )^ p /^  °  ^2*^1 (f 22
^ 2 * ^2 2 ^ )^2 2 ^^ ^ ' 0
- W o ( l^ 2 2 ) / ( V : ^ ) (A .11)
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= 0. (A .13)
In  th e s e  e q u a tio n s , i s  g iv en  by ( 2 .4 ,1 )  when x ^ - z > 0 ;  
a  sm all m o d if ic a t io n , in d ic a te d  in  th e  t e x t ,  i s  needed when 
x ^ -z <  0 . i s  d e f in e d  by ( 2 .4 .1 2 ) ,  f o r  any (x ^ ,z ) .
The d i r e c t  a r r i v a l s  a r e  o b ta in e d , a s  o u t l in e d  in  s e c tio n  2.4, 
by em ploying th e  p re c ed in g  fo rm ulae  in  co n ju n c tio n  w ith  
(2 .4 .1 0 )  and (2 .4 .1 7 ) ;  th e y  a r e  l i s t e d  below .
(a )  D ire c t ra y s
H ( t - t^ )
47TP<?r3
0
r ( x ^ - z )
r ( x ^ - z )
0 (x ^ -z ) ‘ (A. 14)
G g- H C t-tg ) 
4npP?iP
(x ^ -z )  0 - r ( x ^ - z )
0 0 0
- r (x ^ -z )  0 r^ ( A . Ï 5 )




0 0 (A .16)
In  th e se  e x p re s s io n s ,
+ (x^ -  z )^ (A.17)
and
*1 = « /“ . tg  = t_  = Bjf (A.18)
(b) R e f le c te d  r a y s ;
G i i ^ H (t-t^^)R j^^
4TTpC^S^
0
r |x ^ + z |
0 0




- i / q r
0
V % p (A.20)
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H (^ ^ 2 1  P
4 n p ^ S
0 V p
0 0 0






In  th e se  e x p re s s io n s .
+ (Xj +  z )«  ,
h l  “  2 /“  • = 8 /p33
(A.23) 
(A.24)
and tern is such a s  a r e  e v a lu a te d  a t  th e  co rre sp o n d in g  ro o t  
o f  (2.4.12). The r o o ts i^ ^ ^ f - ^ g l  be g iv en  e x p l i c i t l y
b u t
JO-h  = aS/r , = /3S/r . (A.25)
For th e  rem ain ing  te rm , G^g, t^ g  = a n d il^ g  ” - ^ 3 3 * ^ ® n  
/ 2_2 2 ^ ^ »  t h a t  i s ,  when
S > a r /^  , (A.26)
th e  p o in t  x l i e s  w ith in  th e  cone d e fin e d  by (2.4.13) and i t  
fo llo w s t h a t
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G 22~-H (t-t2 2 )R 2 2
4npp?s3
(X j+z)‘
r lx ^ + z l
•r|x^+ z I
- r (A .27)
When S < a r /^  , how ever,
^22 H (t-t22)"-T r"^sin0  I n l t - t ^ g l ]
2o34TT^PS
(x^+z) 0 - r  Ix^+zI
0 0
r |x ^ + z | 0 - r
(A .28)
where
cos ®= [  ) ^ - r ^ ] ^ - l6  (x^+z f  ( r ^ - p ^ S ^ y  )
[(X3+Z )^-r^]«+l6 (x^+z f  y .  )
(A .29 )
SO th a t
R2 2  =  -C O S  0 + i  s in  0 (A .30 )
(c )  Head-wave a r r i v a l s
F in a l ly ,  th e  head-wave a r r i v a l  tim e t ^  i s  g iv en  by s u b s t i t u t in g
i3  = a in to  jf'2 2 ( ^ » x , t )  = +1; th u s
a t j j  =  r +  | x ^ + z  I ( o 2 / p 2 _ i ) 2 (A .31 )
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When t  i s  c lo se  to  t „ ,  i t  i s  o b ta ined  th a tn
TTpa(a^/g^-2)«r^r 0
(a Z /g 2 _ i)l 0 -1
where 0  = r  -
0 0
(A.32)
S im ilar form s can be d e riv ed  f o r  when = 0 and f o r  Ĝ -ĵ  
when z = 0.
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CHAPTER 3 T3IE RESPONSE OF A FLUII>LOADED PLATE STIFFENED BY A 
FINITE NUMBER OF BEAMS.
3.1 INTRODUCTION
This chapter and the two chapters following it deal with the 
• vibration of, and radiation from, fluid-loaded plates with attached 
stiffening beams.
A thin elastic plate is  commonly used as a model for aircraft 
and marine structures but such structures are highly complex eind no 
single model is  valid at all frequencies. To examine the range of 
validity for the fluid-loaded thin plate model it is necessary to 
consider the characteristic wavelength of vibrations in the plate.
Structural damping causes a flexural wave in the plate to decay 
exponentially with distance, so that after travelling several 
wavelengths its  amplitude is negligible. Thus, if  the characteristic 
wavelength, X , is  short enough the effects of boundaries and of the 
curvature of the structure can be neglected. In particular, therefore,
X must be shorter than the radius of curvature of the structure.
This gives a low frequency limit for the validity of the model.
Below this limit a model such as a cylindrical shell might be more 
suitable.
For thin plate theory to be valid the characteristic 
wavelength, X , must be larger than the thickness of the plate to 
justify the "plane strain" assumption. X must also be larger than any 
beam cross-section i f  the beams are to be modelled as line attachments.
This gives an upper limit to the range of frequencies for which the 
model is valid, above which the finite thickness of the beams and 
the plate become significant.
In this chapter and in chapters 4 and 5 the plate is modelled 
using the classical thin plate equation and the beams are modelled ' i
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as line discontinuities in the stiffness and mass of the plate. In 
the simplest realization of this model the beams are replaced by 
equivalent line forces. The general solutions however, are obtained 
using Green's functions whose exact form is not specified. In 
this chapter and in chapter 4 the beams are considered more 
generally as line attachments capable of exerting moments as well 
as forces.
This chapter looks at the excitation of an infinite thin 
elastic plate, fluid-loaded on one side and stiffened by a finite 
number of parallel attached beams.
The vibration'of plates with structural discontinuities has 
been examined by Heck̂ l (6l)  who looked at the transmission of 
plate flexural waves across beams attached to the plate and by 
Lamb (6l)  who examined the input impedance of a beam attached to 
a plate, although neither study included the effects of fluid- 
loading.
Kovinskaya and Nikiforov (73) also looked at the vibration 
of plates without fluid-loading but with one or more attached 
beams and analysed the spatial directivity of the flexural wave 
fields produced by a point excitation.
Romanov (71) examined the sound radiated from a fluid-loaded 
plate with two attached beams when the excitation took the form 
of random forces between the two beams. The sound radiated by a 
point excited plate has been studied by Lin and Hayek (77) for 
one reinforcing beam and by Romanov (77) for several beams and 
is the subject of a letter by Garrelick and Lin (7 5 ) .
Finally, the scattering of a plane acoustic wave by a beam 
reinforced plate has been studied by Stepanishen (78) and by 
Leppington (78).
- 3 7  -
In  th e  s tu d y  o f  f lu id - lo a d e d  p l a t e s  w ith  a  f i n i t e  number 
o f beams, a u th o rs  have c o n c e n tra te d  e x c lu s iv e ly  on th e  sound 
r a d ia te d  i n to  th e  f l u i d . F o r a p p l ic a t io n s  to  s t r u c tu r e s  such a s  
a  s h ip 's  h u l l ,  how ever, th e  v ib r a t io n s  o f  th e  h u l l  a r e  a ls o  o f 
i n t e r e s t .
In  t h i s  c h a p te r  we s h a l l  examine th e  v ib r a t io n  o f  th e  p la te  
and th e  r a d ia te d  sound f o r  a  g e n e ra l  e x c i t a t io n ,  a lth o u g h  
c a lc u la t io n s  a r e  perform ed o n ly  f o r  a  p o in t  e x c i t a t io n .
_ 3 8  _
3 .2  THE GENERAL SOLUTION
C onsider an  i n f i n i t e  t h i n  e l a s t i c  p la te  ly in g  in  th e  p lan e  
z = 0 and d r iv e n  by a  tim e  harm onic fo rc e  d i s t r i b u t i o n  f ( x ,y ) e ” ^ ^ ^  
a p p lie d  norm al to  th e  p l a t e  s u r f a c e . The p la te  i s  s t i f f e n e d  by 
p a r a l l e l  beams a t ta c h e d  a lo n g  th e  l i n e s  x = x ^ , n = 1 , . . . ,  N, 
which e x e r t  f o r c e s  F ^ (y )ô (x -x ^ )e ~ ^ ^ ^  and moments 
M ^(y)ô*(x-Xn)e“ ^ ^ ^  on th e  p l a t e .
C om pressib le f l u i d  o c cu p ie s  th e  h a lf - s p a c e  z > 0 , and th e  
p la te  i s  backed  by an  e f f e c t iv e  vacuum (a  l i g h t  f l u i d  whose 
in te r a c t io n  w ith  th e  p l a t e  can  be n e g le c te d ) .
The v e r t i c a l  ( p o s i t iv e  z d i r e c t io n )  m otion o f  th e  p l a t e ,  
u (x ,y )e “ ^ ^ ^  s a t i s f i e s  ‘
u (x ,y )  = /  /  dx 'dy*  G(x-x* , y - y ' ) .  | f  ( x ' , y ' ) - ^ F ^ ( y ' ) ô ( x '-x ^ )
—  CO
N
[• ( 3 .2 .1 )
n= l )
where G (x -x * ,y -y * ) i s  th e  p l a t e  G re en 's  fu n c tio n  and re p re s e n ts  
th e  d isp lacem en t a t  a  p o in t  (x ,y )  due to  a  u n i t  p o in t  fo rc e  a t  
( x ' , y ' ) .  The harm onic tim e  dependence i s  su p p ressed  in  a l l  t h a t  
fo llo w s .
We can  ta k e  an  o rd in a ry  F o u r ie r  tra n s fo rm  in  th e  y - d i r e c t io n ,  
d e fin e d  by
A (x ,ky ) = y 'A ( x ,y ) e ^ y ^ d y ,  ( 3 .2 .2 )
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which red u ces  ( 3 .2 ,1 )  to
N N
u(x,ky) -  G(x,ky),|f(x,ky)-^Fjj(ky)6(x-Xjj)-^Mjj(ky)6’(x-x^)|,
'  n -1  n = l *(3 . 2 . 3 )
where * d e n o te s  c o n v o lu tio n  w . r . t .  x .
The fo r c e s  F ^ (y ) a r e  r e l a t e d  to  th e  p la te  d isp la ce m e n ts  a t  
th e  beams by
F „(ky ) “  Z „ (k y )u (X n ,k y ), ( 3 .2 .4 )
where iZ ^ (k  ) /w  i s  th e  s p e c t r a l  bend ing  impedance o f  th e  n beam.
The moments M^(y) a r e  r e l a t e d  to  th e  a n g u la r  d isp lacem en ts  
o f  th e  p l a t e  by
îf„ (k y ) = Y „ ( k y ) g ( ^ n * V '  ( 3 .2 .5 )
where iY ^ (k ^ )/w  i s  th e  r o t a t i o n a l  impedance o f  th e  n^^ beam. 
S u b s t i tu t in g  f o r  F^ and  in  ( 3 .2 .3 )  g iv e s
u  %
u(x,ky) = G(x,ky)Jf(x,ky)-^Z^(k^)u(x^,k^)ô(x-xJ
( n = l
N
" S ^ n ( ’' y ^ ( * n ' ’'y  ( ^ - * n 4  '  ( 3 .2 .6 )
n = l )
E quation  (3 - 2 .6 )  can be s im p l i f ie d  by n o tin g  t h a t
G (x ,k y )* 6 (x -x ^ ) = G (x -x ^ ,k y )
and
G (x,ky)*6*(x-X jj) = |? (x -X j j ,k y ) .
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The n o ta t io n  can be s im p lif ie d  by w r i t in g  A (x ,k^) = A (x ), 
s in ce  th e  tra n s fo rm  v a r ia b le  k^ o ccu rs  m erely  a s  a  p a ram ete r.
F in a l ly ,  w r i t in g  vp (x ) = G (x )* f(x ) y ie ld s
N N
u(x) = 4; (x)-^Z^G(x-x^)u(x^).^Y^G' (x -x ^ )u ' (x ^ ) ' (3 -2 .7 )
n = l n = l
D if f e r e n t ia t io n  o f  ( 3 .2 .7 )  w . r . t ,  x p roduces
N  ̂ N
u '( x )  = vp ' (x ) -y ^ Z ^ G ' (x -x ^ )u (x ^ )-y ^ Y ^ G " (x -x ^ )u '(x ^ ) . ( 3 .2 .8 )
n= l n= l
E quations (3 - 2 .7 )  and (3 -2 .8 )  a r e  t r u e  f o r  a l l  x ,  and in  p a r t i c u l a r  
p u t t in g  X = x ^ , m = 1 , . . . ,  N g iv e s
N N
u (x ^) = VP ( 3 .2 .9 )
n = l n= l
and
N N
" ' W  = (3 -2 .1 0 )
n= l n= l
The coupled  e q u a tio n s  (3 -2 .9 )  and (3 -2 .1 0 )  r e p r e s e n t  a  system  
o f 2N s im u ltan eo u s  e q u a tio n s  f o r  th e  tran sfo rm ed  t r a n s l a t i o n a l  
and r o t a t i o n a l  d isp lacem en ts  a t  th e  N beams.
G(x -X ) = G(x -X ,k  ) i s  a  m easure o f  th e  in te r a c t io n  between '  m n '  '  m n y '
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th e  beams a t  x and x . I n  p a r t i c u l a r ,  G(x -x  ,0 )  i s  th e  Di n '  m n
d isp lacem en t a t  x = x due to  a  u n i t  l i n e  source a t  x = x , andm n
^G(x^ - x^ , 0 ) i s  th e  a n g u la r  d isp lacem en t a t  x = x^ due to  a  u n i t
l i n e  moment a t  x = x .n
The s o lu t io n s  o f  (3 -2 .9 )  and (3 -2 .1 0 )  f o r  u (x ^ ) and u '( x ^ )  
can be s u b s t i t u te d  in to  ( 3 .2 .7 )  to  g iv e  u ( x ) ,  and u (x ,y )  can 
th en  be found  by F o u r ie r  in v e r s io n .
I f  th e  moments on th e  p la te  produced by th e  beams a re  n e g le c te d , 
i . e .  Y ^(ky) = 0 , th e n  ( 3 .2 .7 )  becomes
N
u (x )  = v i / ( x ) -^ Z jjG (x -x ^ )u (x ^ ) ,  (3 .2 .1 1 )
n = l
and (3 . 2 . 9 ) becomes 
N
i2 ^ m n “ (^n^ = 4/ ( x ^ ) , m = 1 , N (3 -2 .1 2 )
n= l
where
^mn = 0 ^ -^  G (x^-x^)Z „ (3 .2 .1 3 )
and Ô i s  th e  K ronecker d e l t a ,  mn
( 3 . 2 . 1 2 ) i s  th e n  a  system  o f  N s im u ltaneous e q u a tio n s  whose 
s o lu t io n  may be s u b s t i t u te d  in to  (3 .2 .1 1 )  to  g iv e  u (x ) .
F o u r ie r  in v e r s io n  can th e n  be u sed  to  f in d  u ( x ,y ) .
In  th e  rem a in d er o f  t h i s  c h a p te r  th e  moments produced by 
th e  beams a r e  n e g le c te d ,  a lth o u g h  t h e i r  in c lu s io n  would n o t 
in tro d u ce  any  e x tr a  d i f f i c u l t i e s  in  p r in c ip le .  The p la te  i s  
m odelled u s in g  th e  c l a s s i c a l  t h i n  p la t e  e q u a tio n .
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I f  th e  beams a re  m odelled  a s  l i n e  d i s c o n t in u i t i e s  in  
th e  mass and s t i f f n e s s  o f  th e  p la te  th e n  th e y  can  be re p la c e d  
by e q u iv a le n t l i n e  a tta c h m e n ts  cap ab le  o f  e x e r t in g  fo rc e s  on th e  
p l a t e .
— 6>3 *"
3 .3  THE GREEN'S FUNCTION FOR A FLUID-LOADED PLATE
In  o rd e r  t o  so lv e  e q u a tio n s  (3 .2 .1 2 )  f o r  a  g iv en  p l a t e -  
beam system  we need to  know th e  G re e n 's  fu n c tio n  f o r  th e  
f lu id - lo a d e d  p l a t e  and th e  s p e c t r a l  im pedances o f  th e  beams.
I f  th e  f l u i d  h as  sound speed c and d e n s ity  th e n  i t s
d isp lacem ent p o t e n t i a l  <î> ( x ,y ,z ) e ~ ^ ^ ^  s a t i s f i e s ;
0  + k^ 0  = 0 , z > 0 , (3 . 3 . 1 )
where k i s  th e  a c o u s t ic  wavenumber w / c .  o
The G re e n 's  fu n c tio n  f o r  a  f lu id - lo a d e d  p l a t e , w ith  bending  
s t i f f n e s s  D and mass p e r  u n i t  a r e a  m, s a t i s f i e s ;
4  2 2DV G ( x ,y ) - w  m G (x,y)-p^w  $ = ô (x ) ô (y ) .  (3 .3 . 2 )
z=0
C o n tin u ity  o f  d isp lacem en t a t  th e  f l u i d - p l a t e  boundary
g iv es
(3 .3 . 3 )G (x ,y )=  -  ^ ^ x , y , z )
z=0
Standard  F o u r ie r  tra n s fo rm  te c h n iq u e s  can be used  to  f in d  G (x ,y ) 
a s  fo llo w s .
We d e f in e  th e  F o u r ie r  tra n s fo rm  f o r  two dim ensions by;
î(k ^ » k y ) = y y *  f(x ,y )e^^x ^e^^y ^d x d y  , (3 -3 .4 )
w ith  th e  co rre sp o n d in g  in v e rs e  g iv e n  by
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f ( x ,y )  “  J J  ?(k^»ky)e~^^x^e“ ^^y^dk^dky. ( 3 .3 .5 )
Transforming (3 .3 * 1 ) g iv es
A »  + ( k ^ - k W )  <t>- 0 ,  ( 3 .3 .6 )
dz^
which has  s o lu t io n
$ ( k ^ ,k y ,z )  = A (k^ ,ky)e^ ''z® , ( 3 .3 .7 )
where k  ̂ = (k^-k^-k^)* and imag (k ^ )> 0 .
T h e re fo re , on th e  s u r fa c e  o f  th e  p la te
4 > (k ^ ,k y ,0 ) = A (k^ .ky) (3 . 3 . 8 )
and h ence , from  (3 * 3 .4 )
G (k^ .ky) = - ik ^ A (k ^ .k y ) . (3 . 3 . 9 )
T ransform ing (3 * 3 .2 )  and s u b s t i t u t in g  f o r  $ ( k  ,k  ,0 )  u s in g  (3 . 3 . 8 )X y
and (3 . 3 . 9 ) y i e ld s ;
D(k^ +  k ^ )^ -  w ^ /k ^  I G (k^ ,ky) -  1
from  which
G(k^.ky) = I D(k; + iCr -  M-ip„ o o V k „ r  , (3 . 3 . 10 )
and
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/ 'G (k ^ ,k y )e -3 k x (V ^ n > d k ^  (3 . 3 . 11 )
• f  —00
2 2 2 A
The o c cu rren c e  o f  th e  te rm  = (k^-k^-ky.)^ in  th e  in te g ra n d  
produces b ranch  c u ts  in  th e  complex k^ p lan e  which p re v e n t u s
from e v a lu a tin g  (3 .3 .1 1 )  a n a l y t i c a l l y .  F or problem s where th e  
f lu id - lo a d in g  i s  v e ry  l i g h t ,  t h a t  i s  0 , th e  term  ip^to^/k^^
can be n e g le c te d  and  th e  i n t e g r a l  e v a lu a te d  by re s id u e s .
Romanov (7 7 ) a rg u e s  t h a t  a t  h ig h  enough f r e q u e n c ie s  th e  i n t e g r a l  
in  (3 . 3 . 1 1 ) can be app rox im ated  by th e  c o n tr ib u t io n  from th e  
po le  o f  th e  in te g ra n d  n e a r  to  th e  r e a l  a x i s ,  which co rresp o n d s 
p h y s ic a lly  to  assum ing t h a t  th e  beams on ly  i n t e r a c t  th ro u g h  
f le x u r a l  waves in  th e  p l a t e .
We do n o t w ish  to  make any r e s t r i c t i o n s  h e re  and so we r e t a i n  
th e  i n t e g r a l  r e p r e s e n ta t io n  f o r  G (x ^-x ^ ,k ^) g iv en  in  (3 .3 .1 1 ) .
I f  th e  n^^ beam h as bend ing  s t i f f n e s s  and mass p e r  u n i t
le n g th  M^, th e n  th e  fo rc e  due to  th e  n^^ beam i s  g iv en  by
(3 . 3 . 12 )
d y
Fourier transforming in the y direction gives;
which im p lie s  t h a t
^ ( k y )  = F n (k y )/u (X jj,k y ) = B^k^- w^m. ( 3 .3 .1 3 )
It should be noted that the solution in section 3.2 does
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n o t depend on th e  s p e c i f i c  form o f  th e  G re e n 's  fu n c tio n  o r  th e  
beam im pedance. A s im p le r  model u s in g  a  membrane w ith  a t ta c h e d  
l in e  m asses co u ld  have been  s tu d ie d ,  a s  co u ld  th e  a lg e b r a ic a l ly  
more co m plica ted  model u s in g  Timoshenko beams and th e  
Tim oshenko-M indlin p l a t e ,  and in c lu d in g  th e  moments on th e  
p la te  due to  th e  beams.
in  (3 . 2 . 8 ) can now be found from  (3 .3 .1 1 )  and
(3 .3 . 13 ) &nd so we have a  fo rm al method o f  s o lu t io n .  The 
tran sfo rm ed  d isp lacem en t u (x ,k ^ )  can th e n  be found from  ( 3 .2 .6 ) .
The s o lu t io n  u ( x ,y )  can be found by perfo rm ing  th e  in v e rse  
tran sfo rm ;
u ( x ,y )  = ^ ( x ,k  )e"^^y^dk . (3 .3 .1 4 )
2 n  /  ^  y
00
The com putation  how ever, i s  le n g th y  because  th e  e v a lu a tio n  
o f th e  in te g ra n d  a t  each p o in t  r e q u ir e s  th e  c a lc u la t io n  o f  th e  
in te g r a l s  ( 3 .3 .H )  and th e  s o lu t io n  o f  th e  s e t  o f  s im u ltaneous 
e q u a tio n s . I f ,  how ever, th e  e x c i t a t io n  i s  o f  th e  form
f ( x ,y )  = F (x )e ^ ^ y ^ , (3 . 3 . 15)
th en
n ( x ,y )  = u (x ,k y )e ^ ^ y ^ , (3 .3 . I 6 )
so u (x ,y )  can be found d i r e c t l y  from  ( 3 .2 .6 ) .  I t  sho u ld  be n o ted  
th a t  a  l i n e  e x c i t a t io n  p a r a l l e l  to  th e  beams ta k e s  th e  form o f 
( 3 . 3 . 15) w ith  ky = 0 .
The c a lc u la t io n  o f  th e  f l u i d  p re s s u re  from u ( x ,y )  re q u ire s
—  —
th e  e v a lu a tio n  o f  two co n v o lu tio n  i n t e g r a l s ,  o r  e q u iv a le n tly  
th e  c a lc u la t io n  from u (k ^ ,k ^ )  r e q u i r e s  th e  e v a lu a tio n  o f  two
in v e rse  tra n s fo rm s . E i th e r  com puta tion  i s  le n g th y , u n le s s  th e  
e x c i ta t io n  i s  o f  th e  s p e c ia l  harm onic form
f ( x ,y )  = Ae^(^x* ^ y ^ \  (3 .3 .1 ? )
in  which case  th e  p re s s u re  p ( x ,y ,z )  can he o b ta in e d  d i r e c t l y  
from u (k ^ ,k y ) .
The fo llo w in g  two s e c t io n s ,  3 .4  and 3 .5  &re devoted  to  
f in d in g  a sy m p to tic  ap p ro x im a tio n s  to  th e  p la te  d isp lacem en t 
and f l u i d  p r e s s u r e ,  r e s p e c t iv e ly ,  f o r  problem s where th e  
e x c i ta t io n  i s  n o t o f  th e  form (3 . 3 . 15 ) or  ( 3 .3 .1 ? ) .
3.4 ASYMPTOTIC EVALUATION OF THE FARFIELD FLUID PRESSURE 
The Fourier transform of (3«2.5) is
” 2 (kj^,ky).î(k^,ky) + 2 (k̂ ,ky.)
£  (3-4.1)
which can be w r i t t e n  a s




I f  no beams a r e  p re s e n t  th e n  G = 1 , so  G i s  a  " c o r r e c t io nms ms
fa c to r "  c o rre sp o n d in g  to  th e  mass and s t i f f n e s s  d i s c o n t in u i t i e s  
a t  th e  beams. I t  was in tro d u c e d  by L in  and Hayek ( ? ? ) ,  who 
s tu d ie d  th e  case  N = 1 .
The f l u i d  p re s su re  p ( x ,y ,z )  i s  r e l a t e d  to  th e  d isp lacem en t 
g ra d ie n t  by
p ( x ,y ,z )  = -  (3.4.4)
Hence
P(k^,k^,z) = = -cj^p^A(k ,̂ky)e^^z .̂ (3-4.5)
We can u se  (3.3.3) and in v e r t  to  g iv e ;
p (x .y .z )  = + "̂ yl̂  + \ ^ ) ] / ’̂ z|‘̂ x'“'y '
(3-4'-6)
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where û(k ,k ) is given by (3.4.2).
X j
Introducing sph erica l polar coordinates;
X =* R s in  <|) C OS 0  ,  y  = R s in  <|) s in  0  ,  z  = R cos 0  ( 3 .4 .? )
and w r it in g
k = k sin a cos B , k = k sin a sin B > k„ = k^cosa, (3.4.8)X O “̂  y o  r  '  2  o  '  f
en ab les u s  to  w r i te  ( 3 .4 .6 )  a s
Y2-b*2n .
p ( R . e . < t > f )  =  \à .a  / d p | k g S i n « . e x p p i k ^ R g ( a ,  p  , 9  ,  <t> ) j ü ( a , p ) ( ,
4 t i 2  J  7  (3 .4 . 9 )
where
g(a,p,9,<f>) = cos<j)coso;+ sinacos<t> cos(p- 0 ). (3.4.10)
The contour fo r  the a in teg ra l c o n s is ts  o f the s tra ig h t l in e s  
from the o r ig in  to  « = Tf/2 and from a = tt/2 to  « = tt/2 - ia .
We now seek  an a sy m p o to tic  expansion  o f  ( 3 .4 .9 )  f o r  la rg e  
v a lu es  o f  R. F o r la rg e  v a lu e s  o f  k^R th e  in te g ra n d  i s  r a p id ly  
o s c i l l a t i n g  ex cep t a t  p o in ts  o f  s ta t io n a r y  p h a se , t h a t  i s  where
^  = | |  = 0 . (3.4.11)
Now
and
^  -  -sinasin<t)sin( p -  0),
^  = -cos<j) sina + cosa cos<|) cos(p -  0 ),
3p
so th e  s t a t io n a r y  phase p o in t  i s  a t
— y 0 —
a -  <|), p * 0 (4> * 0 ) .
Approximating g(a,p) by its  Taylor expansion about the 
stationary phase point and neglecting terms of higher order than 
quadratic in ( a -  <|> ) and ( P -  0 ) allows us to obtain an 
approximation to p(R,0/$), Details of a similar approximation 
are given in section 4.7.
The result is  that for sufficiently large k̂ R,
p(R,0,<fr) -  -(a)^p ê ô̂  u(a=<j),p=0) (3.4,12)
2nR
which is a spherically spreading, travelling acoustic wave. 
Physically the pressure can be thought of as a summation of plane 
waves, and the approximation used here corresponds to taking 
account only of those travelling towards or almost towards the 
receiver.
For a given position and frequency we need only- cèilcuiate
the terms G(x -x  , k s in  0 s in  6 ) and so lve the s e t  o f simultaneous m n o ' '
equations once to find the farfield fluid pressure.
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3.5 ASYMPTOTIC EVALUATION OF THE FARFIELD PLATE DISPLACEMENT
The plate displacement u(x,y) is given by inverse transforming 
equation (3.4.2), namely;
..o
5 (k x ,k y )? (k ^ ,k y )C ^ g (k ^ ,k y ) .
expj^-i(k^x + kyy)Jdk^dky. (3-5 .1)
To evaluate (3-5.1) we make the following substitutions;
X = r c o s f t ,  y -  r  s in  8
and
k̂  = k̂  cos 8 -  k^sin 8 , k̂  = k^sin0+ k̂ cos© . (3.5.2)
(3 .5 .1) then becomes
u(r,e) A r5(kj^,k2)f(lc^,k2,0)C^g(k^,k2,e)e"^Vdkjdk2.
‘i ^ J J  (3 . 5 . 3 )
—  G9
Now let k̂  = k sinY, kg = k cosY, so that
^  TT
T i(r ,e )= J ^ /’ /'5(k,Y)r(k,Y,9)C (k,Y,e)e"^’̂  ®̂ "\dYdk. (3.5.4)
‘̂ 1  I
For large values of kr the integrand is rapidly oscillating except 
at the stationary phase point which is given by
A  SinY) = 0, i.e . Y= n/2. (3-5.5)
The c o n to u r in  th e  complex Y p la n e  can be w r i t t e n  a s  a  sum o f  a
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co n tou r which p a sse s  th ro u g h  t h i s  p o in t  in  such a  way th a t  
re (s in Y ) = c o n s ta n t ( i t s  v a lu e  a t  Y = ^ /2  and iin(sinY ) <  0 , 
p lu s  th e  two l i n e s  from Y= 0 to  Y= -i«> and Y= tt to  
y = TT + ±00, The in t e g r a l s  a lo n g  th e se  l a s t  two co n to u rs  c an c e l 
to  g ive
60
u ( r , e ) ~
^ tt'
1 • f  /27TikY G ( k , V 2 ) ? ( k , V 2 . e ) G  ( k ,V 2 , 0)e "^ ’̂ d k .
7  J  (3 -5 .6 )
I f  th e  p la te  bending s t i f f n e s s  D i s  r e a l ,  t h a t  i s ,  i f  damping 
in  th e  p la te  i s  n e g le c te d , th e n  G(k,7r/2) has p o le s  on th e  r e a l  
a x is  a t  k = -  K, (see  C rig h to n  (7 9 ) ) .  The co n to u r can be c lo se d  
in  th e  low er h a l f  p lan e  and th e  Riemann-Lebesgue lemma used  to  
show th a t  th e  m ajor c o n tr ib u t io n  to  th e  in te g r a l  comes from th e  
re s id u e  c o n tr ib u t io n  a t  k = -K. Hence,
u ( r , e )  ~ / i k  y f ( - K .V 2 .e ) G ^ ,( - K ,7 r /2 .e ) e ^ '^ V aQ(k) ( 3 .5 .7 )




Q(k) = lyfe(k) = Ik^  -  V  (k ^ -k ^ )^ .
The d isp lacem en t (3•5*7) h as  th e  form o f a  p lan e  f l e x u r a l  wave 
in  th e  p la te  t r a v e l l i n g  tow ards th e  r e c e iv e r .
I f  p la te  damping i s  in c lu d e d  th e n  K has  a  sm all im aginary  
p a r t ,  and (3•5*7) co rre sp o n d s  p h y s ic a l ly  to  assum ing t h a t  damped 
f le x u r a l  waves in  th e  p la t e  a r e  th e  predom inant m otion in  th e  
p la te  f a r f i e l d .
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3 .6  COMPUTATION FOR A POINT FORGE EXCITATION
F or a  tim e  -  harm onie p o in t  fo rc e  e x c i t a t io n
f ( x ,y )  = F ^ ô (x )ô (y ) ( 3 .6 ,1 )
and
? (k ^ ,k y )  -  F ^ . ( 3 .6 .2 )
For a  p la t e  s t i f f e n e d  w ith  an  odd number o f  e q u a lly  sp aced , 
id e n t ic a l  beams and e x c i te d  by a  p o in t  fo rc e  on th e  m iddle beam, 
(3 .4 .3 ) becomes;
M
 ̂ e '̂'x"‘̂ u(n‘i.k y ), (3.6.3)
n=-M
where M = Z (k^) i s  th e  s p e c t r a l  impedance o f  each beam,
and d i s  th e  beam sp a c in g . From (3 .4 .1 2 )  and th e  d e f in i t io n  o f
C we have ms
P .(R ,8 ,4 )
i ’'CR,'ë,«|>) “ '̂ ms(̂ x “ \  ®1"8), (3.6.4)
where p^(R,8,<|>) i s  th e  p re s s u re  r a d ia te d  from a  p la te  s t i f f e n e d
w ith  N beams and p^(R ,6 ,(|)) th e  p re s s u re  r a d ia te d  from an u n s t i f f e n e d  
p la te .
S im ila r ly  from  ( 3 .5 .7 )
U jj(r ,e ) = Gj,g(kjç = -  KcosG, = -K s in S ) , ( 3 .6 .5 )
U glr.G )
where u ^ ( r ,8 )  i s  th e  d isp lacem en t a t  r ,  0 o f  a  p la te  s t i f f e n e d
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by N beams and u ^ ( r ,^ )  th e  d isp lacem en t o f  an u n s t i f f e n e d  p l a t e .
The c a lc u la t io n  o f  r e q u ir e s  f in d in g  u (n d ,k y ) , and  i t  
i s  worth n o tin g  t h a t  th e  l i n e  inpu t-im pedance  o f  th e  s t i f f e n e d  
p la te  i s  g iv e n  by
h  “  ^  ; 0 - 6 . 7 )
w u ( 0 ,0 )  
and so i s  e a s i l y  c a lc u la te d .
The p o in t  in p u t  impedance i s  h a rd e r  to  f i n d ,  s in c e  i t  
re q u ire s  th e  e v a lu a tio n  o f  an i n t e g r a l .  I t  i s  g iv en  by
/
2TTW
Ip  = iF ^  f  e” ^ y^ dy. ( 3 .6 .8 )i  r   (
inc j y  u (0 ,k  )
The e v a lu a tio n  o f  th e  i n t e g r a l  in  (3 .3 .1 1 )  i s  co m p lica ted  by th e  
p o le s  on o r  n e a r  to  th e  r e a l  a x i s .  Contour in te g r a t io n  can be 
used to  s im p l i fy  th e  c a lc u la t io n  a s  fo llo w s ;
From ( 3 . 3 . 11 ) and  (3 .3 .1 0 )  we have
G(x -X ,k  ) -  1 f  e""^^x(*m"*n^ dkm n k j
D(k^ + k ^ )^ -u )^ m -ip  w ^ /k  '  X y '  ^o '  z
where k = (k^ -  k^ -  k ^ )z . z o X y '
To ensure  t h a t  im (k ) > 0  we can in tro d u c e  b ranch  c u ts  a s  fo llo w s .z
( i )  i f  ky <  k^ th e n  we have an *L* shaped b ranch  c u t  in  th e  u p p er
2 2 Ih a l f  p la n e  from  (k^ -  k^)^ on th e  r e a l  a x is  to  th e  o r ig in  
and th e n  a lo n g  th e  im aginary  a x i s  to  + ioo . we a l s o  have a  . 
c o rre sp o n d in g  b ranch  c u t in  th e  low er h a l f  p la n e .
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( i l )  i f  >  k^ th e n  th e  c u t i s  from i(k ^  -  k ^ ) to  + i #  on th e  \ / y  Q y o'
2 2
im ag inary  a x is  and  from  - i ( k ^  -  k^) to  -io o  .
These b ran ch  c u ts  a r e  shown in  f ig u r e  3 .1 .  W ritin g  k^ = k^q
and k = k n re d u c es  ( 3 .6 .9 )  to  
X o '  '  ^
2np„c
:„-Xg,K^q;   i _  . (3 .6 .1 0 )
where
m̂n “ exp[-Ik^n(x^-x^)](1-q^-f ) = dr) (3-6.11)
Lr.i a ( l - q ^ - n ^ ) :  [ ( q W ) ^ O  ^ - l ]
and
= mk , and w = c^/m
—  u  °  V do
i s  th e  c l a s s i c a l  c o in c id en c e  frequency  f o r  th e  f l u i d  and p la t e .
For (x  - X  ) < 0 we can c lo se  th e  co n to u r in  th e  u p p er h a l f  m n '
p lane  around  th e  b ranch  c u t  and  th e  p o le s ,  o f  th e  in te g ra n d .
These p o le s  s a t i s f y
Q(n) = 1 + ia(l-qW)^[(q^+»f)^Q^-l] = 0 . (3-6.12)
2 2 ITerms n o t in v o lv in g  ( l - q  - r |  can ce l a c ro s s  th e  b ranch  c u t to  
g iv e
^mn “ - ^ f  (l-q^-tf )^exp(-lk^n (x^-x^)) ^
J i p  1 + a2 ( l - q W ) [ Q 2 ( q 2 + i^ ) 2 _ l j
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F igure 3 .1 .  The b ran ch  c u ts  f o r  k^= (k ^ -k ^ -k ^ )  ̂ in  th e  
complex k p la n e . The branch  p o in ts  a re  a t
V  -  ( 4 ^ ; ) ' -
(a ) k  >k;
( t )  K <  K
i
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1 + a ^ ( l-q ^ -T f  ) | o ^ ( q W  ) ^ - l ]  ̂  ^
(3 . 6 . 13 )
2  JL
where a =  r e a l  p a r t  ( l - q
2 i
P = im ag inary  p a r t  ( l - q  Y
and r e s  d e n o te s  th e  re s id u e  c o n tr ib u t io n  from th e  th r e e  p o le s
2 2 2in  th e  u p p e r h a l f  p la n e . Note t h a t  i f  > k^ th e n  q >  1 and
a =  0. The second in te g r a l  in  (3 .6 .1 3 )  i s  th en  n o t in c lu d e d .
For X - X  > 0 we can c lo se  th e  co n to u r in  th e  low er h a l f  m n
plane and o b ta in  a  r e s u l t  s im i la r  to  (3 . 6 . I 3 ) .
In  g e n e ra l  we can w r ite
I  = - 2 imn l/*  ( l - q ^ + f ) 2
*4 1 + a^(l-a^+Tlp 1 + a^(l-q^+Tl2)[Q2(q2_T,2)Z_i-|2
+ 2 /■“  ( l-q Z -q 2 )àexp(ik^T i|x_^-x^l)
Ï
3
+ 2 n i ^  e x p (ik ^ q p |x ^ -x ^ | ) ( l - q ^ - i ^ )
ia ilp [o^(q^+ ’̂ )( ')~ 5 q ^ -5 n ^ )  + 1]
(3 .6 .1 4 )
where a r e  th e  r o o ts  o f  Q(q) = 0 which l i e  in  th e  u p p er h a l f  
p la n e .
At h ig h  f r e q u e n c ie s ,  i . e . ,  la rg e  v a lu e s  o f  k ^ j x ^ - x ^ l ,  th e
m ajor c o n tr ib u t io n  to  (3 .6 .1 4 )  i s  from  th e  re s id u e  c o n tr ib u t io n  
a t  th e  r e a l  r o o t  o f  Q(q) = 0 , b u t  f o r  th e  r e s u l t s  d e sc r ib e d  in  t h i s  
s e c tio n  th e  f u l l  ex p re ss io n  (3 .6 .1 4 )  i s  u sed .
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G(x -X ,k ) i s  a measure o f  the e f f e c t  o f the beam on m n y
the nth beam.The-first integral in (3.6.14) represents the 
portion of that effect due to excited evanescent (decaying) 
nearfield motion of the fluid, and the second integral, the 
effect due to excited acoustic (non-decaying) motion of the fluid. 
The residue terms represent the effect as transmitted through the 
plate, and in particular the residue term from the real pole 
represents the effect on the n̂ h team of flexural waves produced 
in the plate by the m̂h beam.
F or com puta tion  a  change o f  v a r ia b le  was u sed  to  reduce  th e  
range o f  i n t e g r a t io n  in  th e  f i r s t  i n t e g r a l  to  a  f i n i t e  ra n g e , 
th en  th e  i n t e g r a l s  were c a lc u la te d  n u m e ric a lly  u s in g  a  s tan d a rd  
Gauss -  Legendre q u a d ra tu re  r o u t i n e .
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3 .7  RESULTS
The model developed in  t h i s  c h a p te r  can be u sed  to  examine 
th e  e f f e c t s  o f  th e  v a r io u s  s t r u c t u r a l  and m a te r ia l  p a ra m e te rs .
The r e s u l t s  p re s e n te d  h e re  a r e  in te n d e d  on ly  to  dem o n stra te  
some o f  th e  g e n e ra l  f e a tu r e s  o f  th e  model.
The c a lc u la t io n s  a r e  f o r  a  s t e e l  p l a t e ,  o f  th ic k n e s s  h 
m e te rs , i n  w a te r  f o r  th e  fo llo w in g  p h y s ic a l c o n s ta n ts ;
= 1000 kg m"^ 
c = 1432 m s"^  
m = 7897«5h kg m“^
M = 4 0 .3 4  mh kg m"^
Y oung's Modulus f o r  s t e e l ,  E = 2 .0 3  x  10^^ kg m"^ s"^
Second Moment o f  Area o f  Beam, I  = 926.3  h^
P o is s o n 's  R a t io , v = 0 .3 .
The bending  s t i f f n e s s  o f  th e  p l a t e  i s  g iv en  by
D = Eh^ , ■ ( 3 . 7 . 1 )
1 2 ( l - v ^ )
and th e  b en d in g  s t i f f n e s s  o f  a  beam by
B = E l. (3 . 7 . 2 )
The c l a s s i c a l  c o in c id en ce  freq u en cy  i s
co^ = 1337/ h  r a d ia n s  p e r  second.
The N beams a t ta c h e d  to  th e  p l a t e  a r e  assumed to  be e q u a lly  spaced  
and s e p a ra te d  by a  d is ta n c e  d = 192h .
— 80 —
For exam ple, i f  h “  0 .00635 ® ( i . e .  6 .3 5  mm) th e n  th e  beam 
spacing  i s  1.22m and 0 =  0 .0 2 5  co rresp o n d s to  a  freq u en cy  o f  
838 Hz.
We have c a lc u la te d  th e  ' c o r re c t io n  fa c to r*  G which o ccu rsms
in  e q u a tio n s  ( 3 .6 .4 )  and ( 3 .6 .5 ) .  I t  shou ld  be n o ted  t h a t  th e  
f a r f i e l d  p r e s s u r e ,  p ^ , r a d ia te d  from a  p la te  w ith  no s t i f f e n in g  
beams v a r ie s  w ith  R, th e  d is ta n c e  from th e  p o in t  o f  e x c i t a t io n ,  
w ith  <|) , th e  a n g le  o f  o b se rv a tio n  from th e  p la te  n o rm al, and w ith  
frequency . The d isp lacem en t o f  th e  u n s t i f f e n e d  p la te  v a r ie s  on ly  
w ith  R and w ith  freq u en cy . A ll  o f  th e  f ig u r e s  shown h e re  show th e  
p re ssu re  o r  d isp lacem en t r e l a t i v e  to  t h a t  o b ta in e d  f o r  th e  
u n s tif fe n e d  p l a t e .
A lthough e q u a tio n s  ( 3 .6 .4 )  and ( 3 .6 .5 )  have been  d e riv e d  f o r  
harmonic p o in t  e x c i t a t io n  o f  th e  m iddle beam, f o r  th e  s p e c ia l  
case 0 = 0 °  th e y  a re  i d e n t i c a l  to  th e  e x p re ss io n s  o b ta in e d  f o r  
a  l in e  e x c i t a t i o n ,  s in c e  th e  a sy m p to tic  methods u sed  co rrespond  
to  p lane  wave a p p ro x im a tio n s , and th e  R dependence h as  been 
removed by th e  n o rm a liz a tio n .
F ig u re  3 .2  shows th e  v a r i a t io n  o f  th e  c o r r e c t io n  f a c to r  f o r  
th e  f a r f i e l d  p la te  d isp lacem en t (o r  v e lo c i ty )  w ith  n o rm alized  
freq u en cy . The v e r t i c a l  s c a le  i s  20 lo g  ( | u ^ | / |  u^ | ) where u^ i s  
th e  d isp lacem en t w ith  N a t ta c h e d  beams and u^ i s  th e  d isp lacem en t 
o f an u n s t i f f e n e d  p l a t e .  The r e c e iv e r  i s  a t  an a n g le  0 = 0 ° to  th e  
normal to  th e  beam s, so th e  r e s u l t s  a r e  f o r  a  p o in t  o r  l i n e  fo rc e  
e x c i ta t io n .  P lo t s  a re  shown f o r  N = 1 , 3 and 9.
At v e ry  low f re q u e n c ie s  th e  system  i s  dom inated by th e  f l u i d  
lo a d in g , so th e  a d d i t io n  o f  any number o f  beams h as  l i t t l e  e f f e c t .
The d isp lacem en t o f  a  p la t e  w ith  a  s in g le  beam d e c re a se s  in .
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F ig u re  3 .2 . The " C o rre c tio n  F hc to r"  f o r  th e  p la te
d isp lacem en t a g a in s t  no rm alized  freq u en cy
f o r  0 = 0  and N = 1 ,3  and 9-
— 82 —
am p litu d e , r e l a t i v e  to  th e  un s t i f f e n e d  p l a t e ,  w ith  freq u en cy . The 
s t i f f n e s s  o f  th e  beam has no e f f e c t  f o r  G = 0° ,  b u t  th e  i n e r t i a  
o f  th e  beam becomes in c re a s in g ly  more s ig n i f i c a n t .
The d e c re a se  in  d isp lacem en t i s  due to  th e  in c re a s e  in  th e  l i n e  
in p u t impedance o f  th e  s t i f f e n e d  p la te  r e l a t i v e  t o  th e  u n s t i f f e n e d  
p la te .  The r a t i o  o f  th e  m oduli o f  th e s e  im pedances i s  shown in  
f ig u re  3 . 3 .
In tro d u c in g  two a d d i t io n a l  beams (N = 3 ) p roduces reso n an ces  
in  th e  system . The maxima a re  r e l a t e d  to  th e  l i n e  in p u t impedance 
o f  th e  system . The r a t i o  o f  th e  impedance o f  th e  s t i f f e n e d  p la te  
(N = 3 ) to  t h a t  o f  th e  u n s t i f f e n e d  p la te  i s  shown in  f ig u r e  j M ,
The im pedance minima (and  d isp la ce m e n t maxima) o ccu r when 
th e  beam sp a c in g  i s  an  odd m u lt ip le  o f  A /4 , where X i s  th e  f r e e  
w avelength in  th e  u n s t i f f e n e d  p l a t e .  At th e s e  f r e q u e n c ie s  a  
s tan d in g  wave co u ld  be s e t  up in  th e  p l a t e  w ith  an  anode a t  th e  
middle (d r iv e n )  beam and nodes a t  th e  o th e r  two beams.
The d isp lacem en t minima ( f ig u r e  3*2) occu r a t  f re q u e n c ie s  
f o r  which th e  beam sp ac in g  i s  a  m u lt ip le  o f  X /2 . At th e se  f re q u e n c ie s  
we could  have a  s tan d in g  wave in  th e  p la te  w ith  nodes a t  each 
beam. For more th a n  th re e  beams a  d i f f e r e n t  p a t t e r n  em erges; th e  
case  N = 9 i n  f ig u r e  3 .2  i s  shown a s  an  exam ple. The re sp o n se  can 
be s p l i t  i n t o  a l t e r n a t e  freq u en cy  b an d s , which e i t h e r  g iv e  a  much 
sm a lle r  re sp o n se  th an  th e  u n s t i f f e n e d  p l a t e ,  o r  a  re sp o n se  o f  
abou t th e  same l e v e l ,  b u t c o n ta in in g  re so n an ces  w hich can be 
a t t r i b u t e d  t o  w avelength  -  beam sp ac in g  m atching .
The fo rm a tio n  o f  th e se  b a n d s , te rm ed  s to p  and p a ss  bands 
r e s p e c t iv e ly ,  i s  a  r e s u l t  o f  th e  eq u a l sp ac in g  o f  th e  beams, and 
w i l l  be d is c u s s e d  in  more d e t a i l  in  th e  n e x t c h a p te r .  We n o te  
h e re , how ever, t h a t  th e  s t a r t  o f  each  s to p  band co rre sp o n d s  to
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a  minimum in  th e  l i n e  in p u t im pedance, and th e  end to  an impedance 
maximum. The l i n e  in p u t impedance o f  a  p la te  w ith  9 beams r e l a t i v e  
to  t h a t  o f  an  u n s t i f f e n e d  p l a t e  i s  shown in  f ig u r e  3.5*
F ig u re  3,6  shows th e  v a r i a t io n  w ith  freq u en cy  o f  th e  
c o r re c t io n  f a c t o r  f o r  th e  f a r f i e l d  f l u i d  a t  a  p o in t  0 = (|> = 0 
d i r e c t ly  above th e  p o in t  o f e x c i t a t io n .  The v e r t i c a l  s c a le  i s  
20 lo g  ( I | / | P ^ l ) and p lo t s  a r e  shown f o r  N = 1 , 3 and 9 .
F or p o in t  (o r  l i n e )  e x c i t a t io n  o f th e  s t i f f e n e d  p la te  a t  
low f re q u e n c ie s  th e  system  i s  dom inated by th e  f l u i d  lo a d in g  
and th e  beams have l i t t l e  e f f e c t  on th e  r a d ia te d  p re s s u re .
As in  f ig u r e  3*3 th e  o n ly  e f f e c t  o f  a  s in g le  beam i s  to  
in c re a se  th e  in p u t impedance o f  th e  system , and th e  r a d ia te d  
p re s su re  i s  co rre sp o n d in g ly  d e c re a se d .
For th e  case  N = 3 th e  minima and maxima a l l  o ccu r a t  
minima in  th e  in p u t impedance ( f ig u r e  3 -4 ) ,  th e  minima o ccu rin g  
when th e  o u te r  beams a re  moving in  c o u n te r  phase t o  th e  a p p lie d  
fo rc e .  The phase d if f e r e n c e  betw een th e  o u te r  beams and th e  a p p lie d  
fo rc e  i s  shown in  f ig u r e  3«7.
The rem ain ing  p lo t  in  f ig u r e  3,6  i s  f o r  th e  case  N = 9»
The peaks i n  th e  r a d ia te d  p re s s u re  occur a t  im pedance' minima 
( f ig u re  3*5) f o r  which a d ja c e n t  beams a re  moving in  p h ase . Each 
peak i s  fo llo w ed  by a  tro u g h  a t  f re q u e n c ie s  f o r  w hich th e  beam 
spac ing  i s  a  m u lt ip le  o f  th e  f r e e  w avelength in  th e  u n s t i f f e n e d  
p la t e .  At th e s e  f r e q u e n c ie s , i f  we c o n s id e r  on ly  f l e x u r a l  waves 
in  th e  p l a t e ,  a l l  o f  th e  beams a r e  moving in  p h a se , b u t a  ' f r e e  
mode' f o r  th e  system  i s  a  s ta n d in g  wave w ith  nodes a t  th e  beams.
I t  i s  n o ted  t h a t  th e  maxima and minima occur a t  th e  bounding 
f re q u e n c ie s  o f  s to p p in g  b an d s. The phase d if f e r e n c e  betw een 
a d ja c e n t beams ( a t  x = 0 and x = d ) i s  shown in  f ig u r e  3*8.
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F ig u re  3 .4 .  The l i n e  in p u t impedance a tg a in st freq u en cy
o f  a  p la te  s t i f f e n e d  w ith  th re e  beams. i s
th e  impedance o f  th e  s t i f f e n e d  p l a t e ,  th a t
o f  th e  u n s t i f f e n e d  p la te .
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F ig u re  3*5- The l i n e  in p u t  impedance a g a in s t  frequency  
o f  a  p la t e  s t i f f e n e d  w ith  n in e  beams. i s
th e  impedance o f  th e  s t i f f e n e d  p l a t e , t h a t
o f  th e  u n s t i f f e n e d  p la te .
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F ig u re  3 .6 .  The " C o rre c tio n  Fh,ctor" f o r  th e  f l u i d  p re s su re  
a g a in s t  no rm alized  fre q u e n c y , f o r  0 = <|> = 0° 
and N = 1 ,3  and 9» One d iv is io n  on th e  
v e r t i c a l  s c a le  i s  eq u al to  5 u n i t s  (dB s).
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F ig u re  3-7» The phase d if f e r e n c e  between th e  beams a t  
X = 0 and x = d a g a in s t  frequency  f o r  th e  
l i n e  e x c i t a t io n  a t  x = 0 o f  a  p la te  w ith  
3 beams.
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F ig u re  3 .8 .  The phase d if f e r e n c e  between th e  ‘beams a t  
X = 0 and  x = d a g a in s t  freq u en cy  f o r  th e  
l in e  e x c i t a t io n  a t  x = 0 o f  a  p l a t e  w ith  
9 beams.
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In  th e  s to p p in g  bands th e  beams a re  e i t h e r  in  phase o r  in  c o u n te r  
p h ase ,
F ig u re s  3*9 and 3 .1 0  show th e  v a r i a t io n  o f  th e  f a r f i e l d  
p re ssu re  a s  a  fu n c tio n  o f  th e  a n g le  ^ from th e  p la te  norm al.
0 i s  f ix e d  a t  0^ so th e  p lo t s  a r e  f o r  a  p o in t  o r  a  l i n e  fo r c e .
The v e r t i c a l  s c a le  i s  and a g a in  p lo t s  a r e  f o r  N = 1 ,
3 and 9 . F ig u re  3*9 i s  f o r  a  freq u en cy  Q =  0 .0025  which co rresponds 
to  a  p re s s u re  maximum in  f ig u r e  3 .6 ,  w h ile  f ig u r e  3 .1 0  i s  f o r  
Q =  0 .005  w hich co rresp o n d s to  an  impedance maximum in  f ig u r e  3 .5 . 
N e ith e r  f ig u r e  shows much v a r i a t io n  w ith  th e  a n g le  <j) , which 
su p p o rts  th e  e x p la n a tio n  o f  f ig u r e  3 -6  a lre a d y  g iv e n .
F ig u re s  3 .1 1 .a  and 3 .H .t>  show th e  v a r ia t io n  o f  th e  p la te  
d isp lacem en t ( r e l a t i v e  to  th e  d isp la ce m e n t o f  th e  u n s t i f f e n e d  
p la te )  a s  a  fu n c tio n  o f th e  an g le  from  th e  norm al to  th e  beam s,
0  . The v e r t i c a l  s c a le  i s  lu ^ l / lu ^ l  and th e  no rm alized  frequency  
o f  e x c i t a t io n  Q = 0 .0025. The r e s u l t s  a r e  f o r  a  p o in t  e x c i t a t io n .  
The case  N = 1 shows a  peak a t  ab o u t 0 = 15°. At t h i s  a n g le  th e  
t r a c e  w aveleng th  a lo n g  th e  beam o f  a  f r e e  wave in  th e  p la te  m atches 
th e  w aveleng th  o f  a  f r e e  wave in  th e  beam. Thus, t h i s  i s  th e  
p re fe r re d  d i r e c t i o n  f o r  p lan e  waves to  p ro p a g â té . Waves t r a v e l l i n g  
in  t h i s  d i r e c t i o n  p a ss  th ro u g h  a d d i t io n a l  i d e n t i c a l  beams w ith  
th e  same e a s e  and  so th e  cu rv es  f o r  N = 3 «ind 9 e x h ib i t  peaks a t  
th e  same a i ig le .  The beams a re  s t i f f e r  th a n  th e  p la t e  a t  a l l  
f r e q u e n c ie s  so t h i s  peak w i l l  a lw ays be p re s e n t .
We have a lre a d y  shown in  f ig u r e  3 .2  th e  fo rm a tio n  o f  p ass  
and s to p  bands a s  th e  number o f  beams i s  in c re a s e d . From f ig u r e  
3 .2  we can see  t h a t  O = 0,0025  i s  a t  th e  end o f  a  p a ss  band f o r  
0 = 0 ° , b u t  w h e th er o r  n o t we a r e  in  a  p a ss  band f o r  a  g iv en  p lane
— 91 ■“
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F igure  3*9. The " C o rre c tio n  Fh.ctor" f o r  th e  f l u i d  p re s su re  
a g a in s t  <{>, th e  a n g le  from th e  norm al to  th e  
p l a t e ,  f o r  Ü = 0 .0 0 2 5 , 8 =  0 and N = 1 ,3 ,9 .
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F igure 3 .1 0 . The "C o rre c tio n  F a c to r"  f o r  th e  f l u i d  p re s su re  
a g a in s t  <|> , th e  a n g le  from  th e  norm al to  th e  
p l a t e ,  f o r  = 0 . 005 , 9 = 0  and N = 1 ,3 ,9 .




F igure  3 .1 1 a  The " C o rre c tio n  Fh,ctor" f o r  th e  p la te
d isp lacem en t a g a in s t  0 ,  th e  a n g le  from th e  
norm al to  th e  beam s, f o r  Ü = 0 .0 0 2 5 , N = 1 ,3 .
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F ig u re  3 .1 1 b  The " C o rre c tio n  F ac to r"  f o r  th e  p la t e
d isp lacem en t a g a in s t  0 ,  th e  a n g le  from th e  
norm al to  th e  beam s, f o r  Î2 = 0 .0 0 2 5 , N = 9*
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wave depends n o t  o n ly  on th e  freq u en cy  b u t a ls o  on th e  d i r e c t io n  
o f  p ro p a g a tio n , 0 . From f ig u r e  3 .1 1 b  we can see  t h a t  f o r  
Q =  0.0025  t h e r e  a r e  c l e a r  p a ss  bands form ing betw een 0 = 0? and 
0 = 18° and betw een 0 = 30°  and 0 = 3 8 ° .
P lo ts  f o r  a n g le s  o u ts id e  th e  range  0 = 0° to  90° can be o b ta in e d  
by symmetry.
The f i n a l  f i g u r e ,  3 .1 2  shows th e  v a r ia t io n  o f  th e  f a r f i e l d  
f l u i d  p re s s u re  a s  a  fu n c tio n  o f  th e  a n g le  0 . The a n g le  <|) i s  f ix e d  
a t  45°  and th e  freq u en cy  Q a t  0 .0 0 2 5 . Once a g a in  th e r e  i s  l i t t l e  
s p a t i a l  v a r i a t i o n  in  th e  f l u i d  p r e s s u r e ,  su p p o rtin g  th e  
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F igu re  3 .1 2 . The "C o rre c tio n  Fh,ctor" f o r  th e  f l u i d  p re s su re  
a g a in s t  0 ,  th e  an g le  from th e  norm al to  th e  
beam s, f o r  T2 = 0.0025» 4* = 45° and N = 1 ,3 ,9 .
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3 .8  CONCLUSIONS
In this chapter expressions have been obtained for the response 
of a fluid-loaded plate to a general force distribution. These 
expressions have been reduced by asymptotic expansions to forms 
more amenable to computation, and results presented for the response 
of a point excited plate with equally spaced stiffening beams.
The farfield approximations used correspond physically to 
taking account only of plane waves travelling in the direction 
from source to receiver, and so the results presented in the 
previous section can be explained by. considering such waves and 
the ease with which they can propagate through the system.
It has been shown that a plate stiffened with equally spaced 
beams tends to produce pass and stop bands, dependent on frequency 
Q and angle 0. This tendency is a direct result of the equal spacing 
chosen here, and results for unequally spaced beams would not 
demonstrate such structure and would be more difficult to interpret.
The farfield pressure has been shown to depend upon the input 
impedance of the structure and on the phase of the displacement at 
adjacent beams.
Finally, a "preferred direction" for plane waves to propagate 
across a beam attached to a plate has been demonstrated, a property 
first noted by Heckl (6l) for an unloaded plate.
The model developed here has been used to demonstrate some of 
the general features of the structure. The interpretation of these 
features and their dependence on the structural and material 
parameters has been checked by performing the calculations for a 
different system, although the results are not included here. Thus, 
some qualitative predictions can be made as to the response of any 
given system, without detailed calculation.
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CHAPTER 4  THE RESPONSE 0 ?  A FLUII>LOADSD PL.4TE STIFFENED BY A 
PERIODIC ARRAY OF BEAMS.
4 .1  INTRODUCTION
In c h a p te r  3 r e s u l t s  were g iv en  f o r  th e  response  o f  a  f l u i d -  
loaded p la t e  s t i f f e n e d  by a  f i n i t e  a r ra y  o f  e q u a lly  spaced beams.
As a  n a tu r a l  e x ten s io n  t h i s  c h a p te r  s tu d ie s  th e  analogous problem  
f o r  a  p la t e  s t i f f e n e d  by an i n f i n i t e  p e r io d ic  a r ra y  o f  id e n t i c a l  
beams.
The ra d ia te d  sound from such s t r u c tu r e s  has been s tu d ie d  by 
Evseev (73)» Rumerman (75)» L ep p in g to n ' ( 78) and most r e c e n t ly  by 
Mace (8 0 a ) , a lth o u g h  Mead (73» 75» 7^) has made g e n e ra l s tu d ie s  
o f  p e r io d ic  system s w ith o u t f l u i d  lo a d in g .
T his c h a p te r  g iv e s  an a l t e r n a t i v e ,  though u l t im a te ly  
e q u iv a len t method o f s o lu t io n ,  which e x h ib i ts  c le a r ly  th e  s t r u c tu r e  
o f  the  problem .
For com parison w ith  th e  r e s u l t s  o f  c h a p te r  3 th e  same th in  
p la te  model i s  u sed , and s o lu t io n s  a re  o b ta in ed  f o r  th e  p la te  
d isp lacem en t and th e  f l u i d  p r e s s u r e .  A part from c a lc u la t io n s  o f  
th e  in p u t m o b ility  by Mace (80a) p re v io u s  a u th o rs  have co n fin ed  
t h e i r  r e s u l t s  to  th e  f l u i d  p re s s u re .
In  t h i s  c h a p te r  th e  problem  i s  fo rm u la ted  in  te rm s o f  
d is c r e te  co n v o lu tio n s  and th e  s o lu t io n  i s  o b ta in e d  u s in g  a  
tran sfo rm  r e l a t e d  to  th e  Z -  t ra n s fo rm . -
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4 .2  THE FORMAL SOLUTION
C onsider a  p la te  p e r io d ic a l ly  s t i f f e n e d  w ith  beams a t ta c h e d
along  th e  l i n e s  x = nd .A nalogously  t o (3 . 2 . 7 ) and u s in g  th e
n o ta tio n  o f  c h a p te r  3» th e  d isp la ce m e n t u (x )  i s  g iv en  by
00 00
u (x ) =vj/(x)- ^  ^ Z ^ G (x -n d )u (n d )-^  (x-nd)u* (n d ). ( 4 .2 .1 )
n=— 00 n^—
Since th e  beams a re  assumed to  be i d e n t i c a l  we have Z = Z andn
Y = Y. In  th e  seq u e l we assume t h a t  th e  v a r ia b le s  have been n
n o n -d im en sio n a lized  so t h a t  th e  beams l i e  a lo n g  th e  l i n e s  
X = n .
We d e f in e  th e  d i s c r e te  c o n v o lu tio n  *□* o f two fu n c tio n s  by
CO
( A d B ) ( x )  = ^  \ (x -n )B (n ) . ( 4 .2 .2 )
n = - o o
We n o te  in  p a ss in g  t h a t  in  g e n e ra l  
( A d B ) ( x )  + (B o A )(x ) , 
a lth o u g h
(A o B )(n ) = (B o A )(n ) . ( 4 .2 .3 )
In tro d u c in g  t h i s  n o ta t io n  in to  ( 4 .2 .1 )  g iv e s
u (x )  = vp(x)-Z(G □ u ) ( x ) - Y ( G * d  u * ) ( x ) ,  ( 4 .2 .4 )
which d i f f e r e n t i a t e d  w ith  r e s p e c t  to  x y ie ld s
u '( x )  = ip' (x )-Z (G 'o  u ) ( x ) - Y ( G " o u ') ( x ) .  ( 4 .2 .5 )
In  p a r t i c u l a r ,  s u b s t i t u t in g  x = n in to  ( 4 .2 .4 )  and (4 .2 .5 )  
p roduces a  p a i r  o f  coupled  c o n v o lu tio n  e q u a tio n s  f o r  th e
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t r a n s l a t i o n a l  and r o t a t i o n a l  d isp la c e m e n ts , u (n )  and u * (n ) ,  a t  
th e  beams, nam elyi
(L® □ ü ) ( n )  + Y (G * o u * ) (n )  = U/(n) (4 .2 .6 a )
Z (G *D u)(n ) + (L ^o  u ' ) ( n )  = 4 / '( n )  (4 .2 .6 b )
where
“  6^^ + 2 G (n ), ( 4 .2 .? )
and
!'’’(» )  “  + ïG " (n ) .  ( 4 .2 .8 )
E quations ( 4 .2 .6 )  a r e  t r u e  f o r  any n so we can o p e ra te  on them
T
w ith  th e  d i s c r e te  co n v o lu tio n  o p e ra to rs  L □ and YG*D re s p e c t iv e ly .  
S u b tra c tin g  th e  r e s u l t i n g  e q u a tio n s  y ie ld s ;
( [ l'^d L® -  YZG'o G ^ o u ) ( n )  = (l '^d vp)(n)-Y (G *avp*)(n), ( 4 .2 .9 )
where we have u sed  th e  l i n e a r i t y  o f  th e  o p e ra to r  o  to g e th e r  w ith
( 4 .2 .3 ) .
W ritin g
L (n) = r  I'^'o L^-YZG'o G 'j  ( a )  (4 .2 .1 0 )
i t  i s  c l e a r  t h a t  we can fo rm a lly  so lv e  ( 4 .2 .9 )  i f  we can f in d  th e
in v e rse  M(n) such th a t
( M o l) ( n )  = 6 ^ ^ . (4 .2 .1 1 )
Hence we can f in d  u * (n ) from  ( 4 .2 .6 a )  p ro v id ed  t h a t  we can f in d  th e  
in v e rse  o f  G *(n).
As in  c h a p te r  3 we s h a l l  now co n fin e  o u r a t t e n t io n  to  th e  
case where th e  beams e x e r t  no moments om th e  p l a t e ,  i . e .  we s e t  
Y = 0.
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(4 ,2 .6 a )  th e n  re d u c es  to
( L o u ) ( n )  = v p (n ) , (4 .2 .1 2 )
where L (n ) = 6 ^^ + ZG(ri), and th e  problem  i s  reduced  to  f in d in g  
th e  in v e rse  M(n) such t h a t
(M o L )(n ) -  6^ 0 . (4 .2 .1 3 )
(4 ,2 .1 2 )  h as  th e  s o lu t io n
u (n )  = (M ovp)(n), (4 .2 .1 4 )
and from ( 4 .2 .4 )  w ith  Y = 0 ,
u (x )  = vp(x)-Z(G □ (M avp))(x ). (4 .2 .1 5 )
This i s  a formal so lu tio n  fo r  the displacement u (x ).
The next sec tio n  i s  devoted to  a transform technique fo r  
solving equations involv ing d isc r e te  convolutions.
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4 .3  THE DISCRETE FOURIER TRANSFORM
We define the discrete Fourier transform of a function 
F(n) 'by
oo
F (a )  - y ^ e ^ ° ° F ( n ) ,  (4 .3 .1 )
n=-oo
with corresponding inverse given by
.TT
F(n) = 1__ I e"̂ “*^(«)da. (4.3.2)
2n
-n
The tra n s fo rm  i s  r e l a t e d  to  th e  Z -tran sfo rm  Z(x) s in c e
O O  oo
Z(x) = 'y  ̂x " ^ ( n )  = ^ 2  e“ ^ ^ ^ ^ ( n )  = F ( i ln x ) .  (4 .3 * 3 )
n*̂ — oo n^^ Oo
The d i s c r e te  F o u r ie r  tra n s fo rm  h as  th e  fo llo w in g  th re e  p r o p e r t ie s :
( i )  A p p lic a tio n  o f  th e  tra n s fo rm  red u ces  a  d i s c r è te  co n v o lu tio n  
o f  two fu n c t io n s  (F o G ) (n )  to  th e  p ro d u c t o f  t h e i r  in d iv id u a l  
tra n s fo rm s . T h is  i s  e a s i l y  shown a s  fo llo w s ;
( F o G ) (a )  = y  ^ F(n-m )G (m )|
n  ' m /
n m
= V e ^ “"F (n )
m n
where d en o tes  a  sum ov er a l l  r .  Hence 
r
(F o G ) (a )  = F ( a ) .  G (a ), (4 .3 * 4 )
( i i )  C le a r ly  from  th e  d e f in i t io n  ( 4 .3 .1 )  F (a )  i s  p e r io d ic  in  a 
w ith  p e r io d  2 t t ,  t h a t  i s
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F ( a )  “  F ( a +  2 n ) , f o r  a l l  a .  ( 4 .3 .5 )
( i l l )  The tra n s fo rm  can be o b ta in e d  from  th e  o rd in a ry  F o u r ie r  
tra n s fo rm  a s  fo llo w s ;
n n
where F (k ) d e n o tes  th e  o rd in a ry  F o u r ie r  tra n s fo rm  o f  F.
In te rc h a n g in g  th e  o rd e r  o f  summation and in te g r a t io n  and u s in g  
th e  P o isson  summation fo rm u la ,(se e  L i g h th i l l  (58 ))»
y  = 2 n y  ^6 (x -2 n n ) , ( 4 .3 .6 )
n n
g iv e s
F (k )  y  ŝ (g -k -2 n n )d k
-CO n
hence
F (a )  = F (a-2 n ir). ( 4 .3 .7 )
n
Thus th e  d i s c r e t e  F o u r ie r  tra n s fo rm  can be o b ta in e d  from a  sum o f  
o rd in a ry  F o u r ie r  tra n s fo rm s .
A p p lic a t io n  o f  th e  d i s c r e t e  F o u r ie r  tra n s fo rm  to  th e  
e q u a tio n
(M D L )( n )= 5 ^ ^  ( 4 .3 .8 )
produces
M(q) .  L(q ) = 1
from w hich, u s in g  (4 * 3 .2 ) we have 
n
M(n) = 2^ f e~^°”  d a . (4 .3 -9 )J  L (a )
- n
Thus th e  d i s c r e t e  F o u r ie r  tra n s fo rm  p ro v id e s  th e  re q u ire d  te ch n iq u e
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f o r  f in d in g  in v e rs e  co n v o lu tio n  o p e ra to r s .
A p p lic a t io n  o f  th e  tra n s fo rm  to  e q u a tio n s  (4 ,2 .6 a )  and 
(4 .2 .6 b )  re d u c e s  them to  a  p a i r  o f  l i n e a r  a lg e b r a ic  e q u a tio n s  
f o r  u ( q )  and  if* (a ) .
The d isp la ce m e n ts  and r o t a t io n  a t  th e  beams can be found 
from u (a )  an d  u * (a )  u s in g  ( 4 .3 .2 ) ,  b u t  we must r e v e r t  to  ( 4 .2 .4 )  
to  f in d  th e  d isp lacem en t a t  any x . An o rd in a ry  F o u r ie r  tra n s fo rm  
o f  ( 4 .2 .4 )  g iv e s
u (k )  = vp(k)-ZG(k)u(k)-YfcG(k)u* ( k ) .  (4 .3 .1 0 )
In v e rs io n  o f  t h i s  e q u a tio n  to  f in d  u (x )  is . l i k e l y  to  be q u ic k e r  
th an  f in d in g  u ( x )  d i r e c t l y  from ( 4 .2 .4 )  by e v a lu a tin g  th e  
c o n v o lu tio n s , s in c e  we u s u a l ly  have a  sim ple  e x p re ss io n  f o r  5 (k ) .
In  p a r t i c u l a r ,  f o r  th e  c ase  when th e  beams e x e r t  no moments on 
th e  p l a t e ,  from  (4 .2 .1 2 )  -
(L D u )(n )  = v p (n ),
t h a t  i s
u (a )  = $ ( a ) / L ( a ) ,  (4 .3 .1 1 )
and from ( 4 .3 .1 0 )
S (k )  = g}(k)-Z G (k)Q Ï(k)/L (k), (4 .3 .1 2 )
where
L (k ) = 1 + ^ ( k )  = 1 + Z ^  (k -2nn)
n
and
$ ( k )  = y  ^ i|;(k-2nn) = ^  G(k -2 n n )? (k -2 n n ). (4 .3 .1 3 )
n n
Equation  (4 .3 .1 2 )  can be in v e r te d  to  g iv e  u (x ) (=  u ( x ,k ^ ) )  and
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in v e rte d  a g a in  to  g iv e  th e  s o lu t io n  u ( x ,y ) .
T h is  com ple tes  th e  fo rm al s o lu t io n .  The rem a in d er o f  t h i s  
s e c tio n  i s  devo ted  to  a  s l i g h t l y  more s o p h is t i c a te d  tra n sfo rm  
which can be used  t o  f in d  u (x )  d i r e c t l y  from ( 4 .2 .4 ) .
We d e f in e  th e  m o d ified  d i s c r e t e  F o u r ie r  tra n s fo rm  o f  a  fu n c t io n  
F (x ) by
F ( x ,a )  ■= y ^ e ^ ° ”F (n  +  x ) ,  (4 .3 .1 4 )
n
w ith  co rre sp o n d in g  in v e rs e  
,n
F(x ) = 1 /  F ( x ,a ) d a .  (4 .3 .1 5 )J  Xf ,
2 tt
-n
We no te  t h a t  F(0,Q) = F (q) ,  th e  d i s c r e t e  F o u r ie r  tra n s fo rm  o f 
F(x) . Thus F (0 ,a ) h as th e  same p r o p e r t ie s  a s  ^ ( o ) ,  w h i ls t  in  
g e n e ra l F(x , q) h as th e  fo llo w in g  p r o p e r t i e s ;
( i )  A p p lic a tio n  o f  th e  tra n s fo rm  red u ces  th e  more g e n e ra l  
co n v o lu tio n  (F d G)(x ) t o  a  p ro d u c t o f  t h e i r  t r a n s fo rm s , namely
(F o  G )(x ,o )  = F (x ,a )G (0 ,a )  (4 .3 .1 6 )
( i i )  The tra n s fo rm  can  be o b ta in e d  from th e  o rd in a ry  F o u r ie r  
tra n sfo rm  a s  fo llo w s :
F(x,q ) = y  \ ^^^F(n + x)
n
h ence , co
F (x ,o )  = 1_ y ^ e ^ ^ ^  J  F (k )e " i^ tn + x )d k .
Interchanging the order o f summation and in tegra tion  as before 
and using the Poisson summation formula g iv es
F (x ,q ) = I F(k) \  6 (o-k-2TTn)e"^^dk,j y~^S(g-lc ; 
An n
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hence,
F(x,q) = eT^^* y ^ e ^ ^ ™ * P (Q -2 rm ). (4 .3 .1 7 )
n
It is interesting to note that F(x ,û) is of the form
? ( x ,g )  = e^ ^ * A (x ,a ), (4 .3 .1 8 )
where A(x,q) i s  a  p e r io d ic  fu n c tio n  o f  x w ith  p e r io d  eq u a l to  th e  
beam sp ac in g  (which i s  no rm alized  to  u n i ty  h e r e ) .  Thus, F ( x ,a )  has th e  
form o f  a  F lo q u e t wave w ith  p ro p a g a tio n  c o n s ta n t a  . Such waves 
a re  w e ll known from th e  s tu d y  o f  p e r io d ic  s t r u c tu r e s  and w i l l  
be d is c u s s e d  in  th e  n e x t s e c t io n .
The relation (4.3.15) thus shows that any function F(x) can 
be represented as a superposition of Floquet waves.
F o r th e  case  Y = 0 ( 4 .2 .4 )  red u ces  to
u (x )  = v |» (x )-Z (G pu)(x ). (4 . 3 . 19 )
A p p lic a tio n  o f  th e  m odified  tra n s fo rm  g iv e s
u ( x ,a )  = iK x ,a ) -Z G (x ,a )u (0 ,a ) . (4 .3 .2 0 )
We can p u t  x = 0 to  g iv e
L ( 0 ,a ) u ( 0 ,a )  = '$ ( 0 ,0 ) ,  * (4 .3 .2 1 )
where L (0 , q) = 1 + z5 '(0 ,q) .  (4 .3 .2 2 )
Hence,
u ( 0 ,a )  = v f(0 ,a )/L (G ,a ) ,
and from ( 4 .3 .2 0 )
u ( x ,a )  = 4>(x , q) -ZG(x . q)4>(0.q) . (4 .3 .2 3 )
1+ZG(0,q)
u(x) can then be found using the inversion formula (4.3.15)» that is
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.TT
u ( x )  “ 1 I u ( x , Q ) d a .  (4 .3 .2 4 ) , a )
- J T
The more g e n e ra l  problem  f o r  Y * 0 can be so lv ed  s im i la r ly .
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4 .4  FREE WAVE PROPAGATION
To examine th e  f r e e  wave m o tion , i f  a n y , o f  th e  p e r io d ic a l ly  
s t i f f e n e d  p l a t e ,  we s e t  th e  e x te r n a l  fo rc e  f ( x )  to  z e ro . Hence, 
i|»(x) and i|;(x ,a) a r e  b o th  z e ro . The tran sfo rm ed  e q u a tio n  (4 .3 .2 1 )  
reduces to
L ( 0 ,o )y (0 ,a )  = 0 . (4 .4 .1 )
I f  Tf(0,o) i s  n o n -z e ro , t h a t  i s ,  th e  d isp lacem en t a t  th e  beams i s  
non-zero  th e n  we must have
1 ( 0 ,a ) = 0 . (4 .4 .2 )
L et a  = be a  ro o t  o f  ( 4 .4 .2 ) ,  th e n  ( 4 ,4 .1 )  i s  s a t i s f i e d  i f
u (0 , q ) = A .ô (a -k ^ ) . (4 .4 .3 )
and from (4 .3 .2 0 )
u ( x ,a )  = -Z G  ( x , a ) . A Ô ( o - k ^ ) . (4 .4 .4 )
L (0 ,q) i s  p e r io d ic  in  a  w ith  p e r io d  2n , and so k^ + 2nn i s  a ls o
a  ro o t o f  ( 4 .4 .2 ) .
Assuming th e  - n < R e ( k ^ ) < n  we can in v e r t  ( 4 .4 .4 )  to  g iv e
u (x )  = G (x ,k  ) ,  ( 4 .4 .5 )
2 n
which, u s in g  (4 .3 .1 ? )»  can be w r i t t e n  a s
u (x )  = g ( x ) .e " ^ ^ f * , ( 4 .4 .6 )
where g (x )  i s  p e r io d ic  in  x w ith  p e r io d  1 . Thus th e  f r e e  waves 
in  th e  s t i f f e n e d  p la t e  a r e  F lo q u e t waves.
I f  th e  so c a l l e d  F lo q u e t wavenumber, k ^ , i s  r e a l  th e n  u (x )  g iv en
by (4 .4 .6 )  r e p re s e n ts  a  non -decay ing  p ro p a g a tin g  wave, i f  k^ has
a  non-zero  im ag inary  p a r t  th e n  u (x )  i s  e i t h e r  e x p o n e n tia lly  
growing o r  decay ing  depending upon th e  s ig n  o f  im (k^) and th e
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d i r e c t io n  c o n s id e re d .
I t  rem ains to  c o n s id e r  th e  case  u ( 0 ,a )  = 0 . I f  u ( o ,a )  = 0 
th en  c l e a r ly  u (n )  = 0 f o r  a l l  n ,  t h a t  i s ,  th e re  i s  no d isp lacem en t 
a t  any o f  th e  beam s, and  th e r e f o r e  no fo r c e s  on th e  p la t e  due to  
th e  beams. The f r e e  waves a r e  th u s  th e  same a s  f o r  th e  u n s t i f f e n e d  
p l a t e ,  b u t w ith  th e  e x t r a  r e s t r i c t i o n  t h a t  u (n )  = 0 .
F or th e  u n s t i f f e n e d  p la t e  we have
Z p (k ) .u (k )  = 0 , ( 4 .4 .7 )
where Z ^(k) = l / c ( k )  i s  th e  s p e c t r a l  impedance o f th e  p l a t e ,  and 
th e  b a r  d en o tes  th e  o rd in a ry  F o u r ie r  tra n s fo rm .
F or n o n -zero  u (k )  we m ust have
Zp(k) = l /G (k )  = 0; (4 .4 .8 )
I f  k = i  kp a re  th e  r e a l  r o o ts  o f  th e  e q u a tio n  (see  C rig h to n (7 9 ))»  th en  
u (k )  = AS(k-kp) + BS(k + k ^ ) ( 4 .4 .9 )
and
u (x )  = ^  e"^^p* + e^^p * , (4 .4 .1 0 )
2n 2n
The c o n d itio n  u (n )  = 0 g iv e s  k^= nTT and B = -A , and
u (x )  = A(e^^p^ -  e“ ^ ^ p ^ ). (4 .4 .1 1 )
Thus i f  kp = nTT, t h a t  i s ,  i f  th e  beam sp ac in g  i s  a  m u lt ip le  o f
th e  h a lf-w a v e le n g th  in  th e  u n s t i f f e n e d  p l a t e ,  we can have a  f r e e  
s tan d in g  wave in  th e  p e r io d ic  s t r u c tu r e  w ith  nodes a t  th e  beam 
p o s i t io n s .
The s o lu t io n s  o f  L(0,a)  = 0  canno t be found a n a ly t i c a l l y  
f o r  th e  f lu id - lo a d e d  s t r u c t u r e ,  b u t i f  we assume th a t  th e  f l u i d  
lo ad in g  i s  l i g h t  enough to  be n e g le c te d  th en  we can o b ta in  an 
a n a ly t ic  e x p re ss io n  f o r  th e  s o lu t io n s ,  a s  e x p la in ed  in  s e c t io n  4 .6 .
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4 .5  THE NORMALIZED EQUATIONS
To e v a lu a te  u ( x ,a )  g iv en  in  (4 .3 .2 3 )  f o r  a  g iv en  s t r u c tu r e
we need to  know Z (k^) and G ( x ,a ) , (which can be found from
G(k ,k  ) )  f o r  a  system  o f  v a r ia b le s  n o rm alized  to  th e  beam sp ac in g .X y
The unnorm alized  e q u a tio n s  f o r  th e  f l u i d  d isp lacem en t p o te n t i a l  
(̂ )* (x* ,y* ,z* )e"^  and  th e  p la te  d isp lacem en t u* (x* ,y* )e “ ^ ^ ^ ,  
where th e  p rim ed  v a r ia b le s  a r e  u n n o rm alized , a r e  
a s  fo llo w s ;
In  th e  f l u i d :
V^c|)(x* ,y* ,z * )  + 0 *(x* ,y* ,z * )  = 0 , z* > 0 ,
2
( 4 .5 .1 )
On th e  p la t e :
D ^ u * (x * ,y * ) + N  '  |ô (x * -n d ) |B  ô^u* -  w^Mu* i
»  1 - 0 7 ?  J )
-  w^mu' (x' ,y ' ) -  o (%' ,y ' ,z '  ) = F ' ( x ' . y ' ) .  (4 .5 .2 )
and a t  th e  in te r f a c e
u ' ( x ' , y " )  = -  8 < b '(x * ,y * ,z ')
z*=0
( 4 .5 .3 )
where
D i s  th e  p l a t e  bend ing  s t i f f n e s s ,
B i s  th e  beam bending  s t i f f n e s s ,
M i s  th e  mass p e r  u n i t  le n g th  o f  a  beam,
m i s  th e  mass p e r  u n i t  a re a  o f  th e  p l a t e ,
i s  th e  f l u i d  d e n s i ty ,  
c i s  th e  f l u i d  wave speed , 
and d i s  th e  beam sp a c in g .
We in tro d u c e  th e  fo llo w in g  d im e n s io n le ss  v a r i a b l e s ;
-  I l l  -
X = x * /d , y = y ' / d ,  z = z * /d , u  = u * /d  and 0  = 0 * /d ^ ,  
to g e th e r  w ith
= W^Md^ , = md, = p d̂  , = D •
D M M Mc^d
S = B_ , k = (A) d and f  = F*d .
Dd D
( 4 .5 .4 )
The no rm alized  system  o f  e q u a tio n s  i s
2 2 V <&(x,y,z) +  kg0(x, y , z )  = 0 , z >  0 (4 .5 .5 )
CTO
u(x ,y)-Q ^X ^u(x»y) + y ^ ô ( x - n ) r s ^  -  Q^u1 - q  p % ( x ,y ,0 )= f (x ,y ) .
n=— By
u ( x ,y )  = - A  4» (x ,y ,z )
3%
( 4 .5 .6 )
(4 .5 .7 )
z=0
Taking o rd in a ry  F o u r ie r  tra n s fo rm s  in  x and  y  o f  ( 4 .5 .5 )  y ie ld s
A f  -  + fey) + fe o ]» (fe x 'k y '^ )  = °* ( 4 .5 .8 )
which h a s  th e  s o lu t io n  f o r  o u tg o in g  waves
<t>(fejj.fey.z) = A (k ^ ,k y )e^ ’'z '“ ,
where
kg = (k^-k^-ky )2  w ith  imag (k ^ )> 0 ,
The tra n s fo rm  o f  ( 4 .5 .7 )  g iv e s
( 4 .5 .9 )
ü ( k  , k  )  =  - A  $ ( f e _ . , k  ,z) 
* '  ÔZ * y z=0
lk z* (k x ,fey ). ( 4 . 5 . 1 0 )
From (4 . 5 . 10 ) we o b ta in
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A(fex'fey) "  $ ( k ^ ,k y ,0 )  = -ü (k ^ ,k y )  . (4 .5 .1 1 )
F in a l ly ,  t ra n s fo rm in g  ( 4 .5 .6 )  and u s in g  (4 .5 .1 1 )  g iv e s
2 p (k j^ ,k y )ü (k ^ ,k y ) + Z j(k y )u (k ^ )  = î ( k ^ ,k y ) ,  (4 .5 .1 2 )
where
2p(kx»fey) = (fe% + ) (4 .5 .1 3 )
^ z
and
2 g(ky ) = S k ^ - q 2 . (4 .5 .1 4 )
and Eg a r e  r e l a t e d  to  th e  p la t e  and beam s p e c t r a l  im pedances,
r e s p e c t iv e ly .  Hence th e  tra n s fo rm  o f  th e  p la te  G re e n 's  fu n c tio n  
i s
5 (k ^ ,k y )  = 1 . (4 .5 .1 5 )
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4 .6 . THE SOLUTION NEGLECTING FLUID -  LOADING
N eg lec tin g  f lu id - lo a d in g  s im p l i f ie s  th e  problem  s ig n i f i c a n t ly .
In  th e  p h y s ic a l  system  th e  f l u i d  co u p les  each re g io n  o f  th e  p la te  
to  every  o th e r  re g io n . In  th e  absence o f  f lu id - lo a d in g , co up ling  
between re g io n s  i s  o n ly  th ro u g h  t h e i r  m utual b o u n d a r ie s , and 
t h i s  p h y s ic a l  s im p l i f i c a t io n  i s  r e f l e c te d  in  th e  m athem atics 
o f  th e  problem .
F or s im p l ic i ty  we s h a l l  c o n s id e r  m otion in d ep en d en t o f  th e  
y d i r e c t io n .  F o r t h i s  problem  th e  d isp lacem en t i s
u ( x ,y )  = u (x ,k  =0) = u ( x ) |  . ( 4 .6 .1 )
y  U y=°
The re q u ire d  m odified  tra n s fo rm s  a re  o b ta in e d  from  th e  known 
o rd in a ry  F o u r ie r  tra n s fo rm s  a s  fo llo w s ;
1 ( 0 , a )  =  1  +  Z .  0 ( 0 , a )  = 1 + 2,. ^  5 ( a - 2 r m , 0 )  ( 4 . 6 . 2 )
n
where
Z = Zg(ky = 0) 
and from (4 .5 .1 5 )  and (4 .5 .1 3 )  w ith  = 0 and k^ = 0
5 ( k ,0 )  = l / ( k ^  -Q ^ X ^ ) . ( 4 .6 .3 )
The i n f i n i t e  sum in  ( 4 .6 .2 )  can be w r i t t e n  a s
\  ' G(a -  2nn,0) = 1 f  cot (z/2)dz ,
n 4 n ii(d -z )t^ f ,2
( 4 . 6 . 4 )
where f is  a positively oriented contour enclosing the poles 
of cot (z/2).
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The c i r c u l a r  co n to u r a t  i n f i n i t y  can be added and C auchy's
theorem  invoked to  e v a lu a te  th e  i n t e g r a l  a s  a  sum o f  re s id u e
c o n tr ib u t io n s  from  th e  f o u r  z e ro s  z ^  o f  th e  denom inato r. Thus,
4
3^G(a-2rm,0) = I  cot (2^ 2 ) » (4.6.5)





k =Q^X^* (4 .6 .6 )
y  G (o -2 n n ,0 ) = -1  |  s in  k^ -  s in h  k^
n 4k^ Ip Ï cos a - c o s  k COSO -c o sh  k 
P P
} ( 4 .6 .7 )
T h e re fo re , f o r  th e  un loaded  p l a t e ,  L (0 ,a )  can be w r i t t e n  in  th e  
c lo sed  form ;
L (o ,q )  = 1 -  Z j  s in  -  s in h  k^ ) ( 4 .6 .8 )
p * C O S O  - C O S  k cos a - c o s h  k )
P P
The F lo q u e t wavenurabers, k ^ , a r e  g iv en  by th e  z e ro s  o f  L (0 ,a )  
and so s a t i s f y
c o s ^ ^  -  A cos k^ + B = 0 , (4 . 6 . 9 )
where
A = co s  k  + cosh k + .Z ( s in  k -  s in h  k )
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B = cos k cosh  k  -  Z (s in h  k cos k  -  s in  k  cosh k ) .  p p — ?  '  P P P P
4k^
P
The d is c r im in a n t f o r  ( 4 .6 .9 )  can be w r i t t e n  a s
-  4b = (cos k -c o sh  k )^ + /  Z ^ ( s i n  k - s in h  k )^  -  
P  P  I— ô P  P  P
K ;
z ( s in h  k + s in  k )(co sh  k -c o s  k ) (4 .6 .10)
— p P ^  p p  ̂ '
2k^
P
which i s  c le a r ly  p o s i t iv e  f o r  non -zero  k ^ . Hence we have two
r e a l  r o o ts  f o r  cos k« from ( 4 .5 .8 ) .f
I f  k  = nn  th e n  s in  k = 0 and c l e a r ly  one r o o t  f o r  cos k« 
P P f
i s  cos k p , t h a t  i s ,  k^ = -  k^ + 2niT, n = 0 , -  1 ,  -  2 , ...........
G e n e ra lly , f o r  k ^ >  0 , we have
A > cos k + cosh k > 2 ,  (4 .6 .1 1 )
P P
and th e  r o o ts  o f  ( 4 .6 .9 )  a re
cos k^ = A/2 -  (A^/4 -  B )2. (4 .6 .1 2 )
The "p lu s"  s ig n  g iv e s  cos k ^ >  A/2 > 1  and hence y ie ld s  complex 
(im ciginary) v a lu e s  o f  k ^ , w h i ls t  th e  "m inus" s ig n  g iv e s  r e a l  
v a lu e s  o f  k^ i f  -  1 4  cos k ^ 4 1 and complex v a lu e s  f o r  k^ 
o th e rw ise .
Thus, f o r  a  s t i f f e n e d  p la t e  w ith o u t f l u i d  lo a d in g  (4 .6 .1 2 )  
le a d s  to  a  c lo se d  e x p re ss io n  f o r  th e  F lo q u e t wavenumbers, namely
. i  = oos"^(A /2  i  (A^/4 -  B )^ ) . (4 .6 .1 3 )
f
The co rre sp o n d in g  f r e e  waves a r e  o f  th e  form  ( 4 .4 .4 ) ,  The
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F loquet waves co rre sp o n d in g  t o  i  a r e  e x p o n e n tia lly  grow ing 
in  one d i r e c t i o n  and  so a r e  l i k e l y  to  be p ro h ib i te d  by 
boundary c o n d i t io n s ,  a s  a r e  th e  waves co rre sp o n d in g  to  ik ^  i f  
imag (k^) 4= 0 . The r e a l  s o lu t io n s  f o r  k^ g iv e  p ro p a g a tin g  F lo q u e t 
waves. I t  h a s  a l r e a d y  been n o te d  t h a t  f o r  f re q u e n c ie s  a t  which 
k = n n , k« = n h  i s  a  s o lu t io n ,  and  i t  can be shown t h a t  a t  th e sep i
f re q u e n c ie s  k^ changes from b e in g  complex to  b e in g  r e a l  a s  fo llo w s ; 
C onsider X ( 0 ,a )  = F ( c o s  a  , k ^ )  = F ( x ,k ^ ) .  From ( 4 .6 .9 )  we have
F (x ,k p )  = x^-A (kp)x + B (k ^ ). (4 .6 .1 4 )
I f  X = ( - 1 ) ^  + Ô X  and k = n n +  6 k  th e n  to  f i r s t  o rd e r  in  6x
P P
and 6k_
F (x ,k p ) = 6 x ( 2 , ( - l ) ” -A (n n )) +  S k p ( - ( - l ) ”A* (k ^) + B '( k ^ ) )
We n o te  t h a t  Z 4/.2= -C? = - k p / A and so






B '(n n )  = (-1)^ s in h  ( n n ) / l  + 1 V
\
(4.6.16)
The c o n d it io n  F (x ,k ^ )  = 0 th u s  r e q u i r e s  t h a t
ÔX = -6 k  (1 -  ( -1 )^  cosh n n )n n  ,
( 2 ( - l ) ' ‘ - A(nTT»4X'
b u t cosh  UTT >1 and A (n n )> 2  ( n  > 0 )  so
(4.6.17)
0 x = -  K6k (-1)**, where K > 0 . (4.6.18)
— H y  —
Thus, i f  6 k ^ > 0  th e n  |x  | = + 6 x |< ; l a n d  hence k^ = cos” ^x
i s  r e a l .  I f  6 k ^<  0 th e n  | x | >1 and k^  i s  complex. Thus, 
f req u e n c ie s  f o r  which k^ = nn  mark th e  boundary betw een a  s to p  
band (k^ com plex) and a  p a ss  band (k^ r e a l ) .
The bounding f re q u e n c ie s  o f  th e  p a ss  and s to p  bands have 
been matched by Mead (75) to  th e  n a tu r a l  f r e q u e n c ie s  o f  a  s in g le  
"elem ent" o f  th e  p e r io d ic  s t r u c t u r e . k ^ (0 )  = n n  c l e a r ly  co rre sp o n d s  
to  th e  re so n a n t f r e q u e n c ie s  o f  a  s in g le  e lem en t w ith  f ix e d  en d s, 
i . e .  w ith  th e  boundary c o n d itio n  u (n )  = 0 . The o th e r  bounding 
frequency  co rre sp o n d s  to  th e  re so n a n t freq u en cy  w ith  f r e e  en d s, 
t h a t  i s ,  a  freq u en cy  f o r  which th e  system
B u -  k u  = 0 ,
w ith  ^  I = 0
ÔX Ix=n (4 .6 .1 9 )
and ^^u I = Z u (n )
Bx^ I x=n ^
has a  n o n - t r i v i a l  s o lu t io n .  The re q u ire d  c o n d itio n  i s  e a s i ly  shown 
to  be
L (0 ,n n ) = 0 , (4 .6 .2 0 )
where odd o r  even n co rresp o n d  r e s p e c t iv e ly  to  odd o r  even s o lu t io n s  
o f  (4 .6 .1 9 ) .
I f  L (0 ,a )  = 0 , th e n  f o r  a  s t i f f e n e d  p la te  w ith  o r  w ith o u t 
f lu id - lo a d in g ,  th e  d isp lacem en t s a t i s f i e s
u(m + l )  = e” ^^u(m) (4 .6 .2 1 )
and so we need o n ly  s tu d y  a  s in g le  e lem ent o f  th e  system  to  
determ ine  th e  f r e e  nodes o f  th e  whole s t r u c t u r e . The p resen ce  o f  
f lu id - lo c td in g  how ever, p re v e n ts  u s  from  f in d in g  sim ple  a n a ly t ic  
s o lu t io n s .
-  1 18-
4 .7 . ASYMPTOTIC EVALUATION OF THE PLATE DISPLACEMENT AND 
THE FLUID PRESSURE
The e v a lu a tio n  o f  th e  p la te  d isp la ce m e n t, u ( x ,y ) ,  r e q u ir e s  
th e  in v e rs io n  o f  e i t h e r  (4 .3 .1 2 )  o r  ( 4 .3 .2 3 ) ,  t h a t  i s ,  i t  
r e q u ire s  th e  e v a lu a tio n  o f  a  double i n t e g r a l ,  th e  in te g ra n d  f o r  
which in v o lv e s  an i n f i n i t e  sum. In  o rd e r  to  s im p lify  th e  
com putation and to  produce r e s u l t s  f o r  com parison w ith  th o se  
o b ta in ed  in  c h a p te r  3 » t h i s  s e c t io n  i s  devo ted  to  th e  f in d in g  
o f  asy m p to tic  e x p re ss io n s  f o r  th e  p la te  d isp lacem en t and th e  
f l u i d  p re s s u re .  The assum ptions a r e  t h a t  th e  r e c e iv e r  i s  e i t h e r  
in  th e  f l u i d  a  long  way ftom  th e  p l a t e ,  o r  i s  on th e  p la t e  f a r  
from any p o in t  o f  e x c i t a t io n .
The f a r f i e l d  f l u i d  p re s su re  can be o b ta in e d  from th e  o rd in a ry  
F o u rie r  tra n s fo rm  o f  th e  p la te  d isp lacem en t (4 .3 .1 2 )  u s in g  
e q u a tio n s  (4 .5 .9 )  and (4 .5 .1 1 ) .  The r e s u l t in g  e x p re ss io n  f o r  th e  
norm alized  d isp lacem en t p o te n t i a l  i s
$ ( x , y , z )  = f  /^û(k ,k dk . (4 . 7 .1 )
— ©o Z
The unnorm alized  f l u i d  p re s s u re  i s
p ( x ' , y ' , z ' )  = -p ^  cj^d^ <t)(x*/d, y * /d , z ' / d ) .  ( 4 .7 .2 )
To e v a lu a te  th e  in te g r a l  in  ( 4 .7 .1 )  we make th e  fo llo w in g  
s u b s t i t u t i o n s ;
X = R sinp  C O S 0  ,  y = R s in j i  s in g  , z = R cos p , = k ^ s in a c o sp ,
ky = k ^ s in a s in p . ( 4 .7 .3 )
2 2 2 —  2 Thus k „ = ( k  -  k -  k )% = k cos a  and dk dk = k s in a c o sa d a d p .z '  o X y '  o x y o  ^
4 )
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( 4 . 7 . 1 )  b e c o m e s
tT /2-io. n  _ ,  )
<&(R,8 ,p )  = Ik ^  f  Aa I dp B lna  ü ( k ^ ,a ,p ) .  e x p |ik ^ R g (a ,p , |j ,0) (
I  (4 .7 .
where
g (G ,p , P ,8 ) = c o s Q C O s p -  s i n a  s i n p  c o s (  p -  0 ) .  ( 4 .7 .5 )
For la rg e  v a lu e s  o f  k^R th e  in te g ra n d  i s  r a p id ly  o s c i l l a t i n g  
excep t a t  th e  s t a t io n a r y  p o in ts  o f  g ( a , p , p , 8 ) and th e  i n t e g r a l  
can be a s y m p to tic a l ly  e v a lu a te d  u s in g  th e  s ta t io n a iy  phase method.
The s t a t io n a r y  phase p o in ts  a r e  g iv en  by
^  ^  = 0 . ( 4 .7 .6 )
ha ô p
^  = 0 = > sin  a  s in  p s in (  p -  8 )  = 0 , ( 4 .7 .7 )
àp
which g iv e s  p = 0 .
^  =  0  = î> -s in a  cos p  -  cos a  s in  p  c o s( p  -  8 ) = 0 .  ( 4 .7 .8 )
8a
S u b s t i tu t in g  p = 8 g iv e s
- s i n ( a  +  p )  =  0 ,  i . e .  a  =  - p .
Thus th e  s t a t io n a r y  phase p o in t  i s  a t  a =  - p ,  p  =  8 .
Near to  th e  s ta t io n a r y  phase p o in t  we can expand g ( a ,p )  in  
a  T ay lo r s e r i e s
g(“ fP) = g (- f ,8 )  + (a+jpZ (a+(i)(p-0)g^p+ (P-9)^ +
h ig h e r  o rd e r  te rm s, ( 4 . 7 . 9 )
where gQQ = à - S  (a»p)
8 a ^
Hence
e tc , 
a = - p ,  p  =  8
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g ( a ,p )  =  1 -  ( g + p f  -  ( P - e f  Ein^ii. (4 .7 .1 0 )
I f  we assume t h a t  th e  m ajor c o n tr ib u t io n  to  th e  i n t e g r a l  i s  
from th e  re g io n  around  th e  s ta t io n a r y  phase p o in t  th e n  
s u b s t i tu t in g  ( 4 .7 .1 0 )  in to  ( 4 .7 .4 )  g iv e s
4>(R,0,1^) ^  - ik ^  s in p u ( k ^ , - p ,0 ) .e ^ ^ o ^
4^2
j J e x p ^ i i ^ ^ R  ((a+ n)2  + (p -0 )2 sin 2 ji)J  dpda.
11)
I f  we change v a r i a b l e s  to  h^ and h^ where
h^ = i(a + p )^  and h |  = i ( p - 0 ) ^ s in ^ p  
i . e .  h^ = ( l + i ) (o+p) and h^ = (1 + i) ( p - 0 ) s in p
\ / 2  V 2
th en  (4 . 7 . 11 ) becomes
<l>(H,0,P) -  I  I  ex p (-k p R (h 2 + h |))d h jd h 2 . (4 .7 .1 2 )
Hence
*(R,8,P) =  -e^kpR  G(k ,̂-M,8) (4 .7 .1 3 )
2nR
i
T his e x p re ss io n  f o r  th e  d isp lacem en t p o te n t i a l  co rre sp o n d s  to  a  
s p h e r ic a l ly  sp re ad in g  a c o u s t ic  wave in  th e  f l u i d .  At c e r t a in  
f re q u e n c ie s  how ever, th e  p la te  wavenumber K = Nn f o r  some in te g e r  
N, and a t  such a  f re q u e n c y , sa y , L(K-2nn) = 0 , f o r  any n . I f  
k^ > n  th e n  a t  l e a s t  one o f  th e s e  ze ro s  o f  L , k^ sa y , i s  l e s s  th an  
k^. The re s id u e  c o n tr ib u t io n  from  th e  p o le  o f  th e  in te g ra n d  in
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(4 .7 .1 )  a t  would ap p ea r to  be 0 ( l ) ,  ( s in c e  k^. “  0 and th e re fo re  
k^ i s  r e a l ) ,  and to  dom inate th e  c o n tr ib u t io n  from th e  s ta t io n a r y  
phase p o in t ,  b u t  i t  can be shown t h a t  t h i s  i s  n o t th e  c a se .
Near to k = K = Nn and Q = we have from (4 ,5 .1 3 )
Q(k,Q) = Zp(k̂  = k, ky = O)
= -  0 ^ (x 2  + p 2 (k 2 -k 2 )" J ) ,  (4 .7 .1 4 )
where k̂ . has been set to zero merely to simplify the following 
expressions. Writing k = K +6k, Q = + ÔQ gives
Q(k,Q) = A6k + BÔQ+ Gôk^ + DôCSc + Eô Q,^ (4.7.15)
where
A (K ,q ,) = K(4k2 + Q 2 p V ) ,  
B(K,C^) = -2 q ,(x 2  + p 2 y ).
C(K,C1) = 6k2 -  iOoPpY^%2K2 + k 2 ) ,  
D(K,q^) = ZC^Kp^Y?,
E (X .f^ ) = -X2 -p 2 y
and Y = (K -  k )̂ ^ .
We can write L(k,Q) as
L(k,Q) = 1 + z T  1 + 1 1+ z5 1  1 , ( 4 .7 .1 6 )
LQ(k,0) Q(k-2NTT,n)J n*0,N Q(k-2nir,0)
and substitute for Q(k,Q) and Q(k-2Nn,Q), noting that A and D 
are odd functions of K while B, G and E are even functions, to give
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L(k,Q) “  1 + 2Z(B Sn+ CSk^ + E6?Q)________+ Z ^  1
ôk^(A+Dôr3^-(BôfHG5k^+EÔ^Q)^ n+0,N Q (k-2nn,Q )
I f  k ,Q  i s  to  be a  zero  o f  L (k ,Q ) th e n  to  lo w est o rd e r
6k2 -  5Q  2ZB_________________________  . (4 .7 .1 ? )
a2 ( 1 + Z ^  1 )-2ZC
n*0,N Q(Nn-2nn,Q)
We n o te  t h a t  6 0  > 0 g iv e s  r e a l  6 k  w h i ls t  6 Q < 0  g iv e s  im ag inary  
6k p ro v id ed  t h a t  N = 1 . I f  N i s  even o r  i f  k^> n  th e n  one o r  
more te rm s in  th e  i n f i n i t e  sum a r e  complex and so 6 k  i s  complex.
F or kp = K + 6 k p , Q = + 6 0  to  be a  zero  o f  Q (k ,0 ) we must
have to  lo w e st o rd e r
A6kp + B 6 0 =  0 ,
th a t ,  i s
6k = -B 6 0 =  0 (6 0 ) . (4 .7 .1 8 )
Thus, i f  O i s  + 6 0  th e n  a  z e ro  o f  L (k ,0 ) i s  k = k^ = K + 0(6O)^
and a  ze ro  o f  Q (k ,0 ) i s  k  = k^ = K + 0(6O ). The re s id u e
c o n tr ib u t io n  co rre sp o n d in g  to  th e  p o le  a t  k = k^, i s  p ro p o r t io n a l  
to  1 Q(k « )~] . However,
i k  ̂ J
^ 1  = -ZQ. (k ,0 )  + ZQ. (k^-2Nrr,D) + 0 (1 ) ( 4 .? .1 9 )
§k L  — ^ ------------------
f  Q (k .,Q )  Q '^(k.-2Nn,Q)
and we can expand ab o u t K ,0^to  g iv e
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8 l  = -  ZA___________________ + ZA______________  + 0 (1 )
^  k -  A(A6k^ + 2B6kôQ+ 2C6k^) A(Aôk^-2B5kôQ-2GÔk^)
-z 4 6 k (B 6 0 +  G€k) + 0 ( l )  (4 .7 .2 0 )
A^ôk^




= 0 (6Q )"^ . (4 .7 .2 1 )
S im ila r ly ,
Q (kf) = (k f-kp)Q fc(K .q ,) + 0 (50 ) = 0 (5 0 )* . (4 .7 .2 2 )
However, f o r  a l l  th e  o th e r  z e r o s ,  k^-2nn , o f  L (k ,Q ), ex cep t k ^ -2 n n , 
we have
Q (k^-2nn) = 0 ( l ) ,
b u t
Q(k^-2Nn) = 0 (5 0 )* . (4 .7 .2 3 )
Hence th e  r e s id u e  c o n tr ib u t io n s  from a l l  th e  p o le s  excep t 
th o se  n e a r  to  -  K a r e  0 (6 0 )^ . Those from th e  p o le s  n e a r  to  -  J( 
a re  0 ( l ) ,  b u t s in c e  K >k^ a lw ay s , th e  co rresp o n d in g  p re s s u re  in  
th e  f l u i d  decays e x p o n e n tia lly  w ith  z . A lso f o r  6 0 f  0 we e i t h e r  
have k^ >K >k^ o r  6k i s  complex so p o le  c o n tr ib u t io n s  n e a r  to  th e  
c r i t i c a l  f r e q u e n c y a r e  e x p o n e n tia lly  decay ing  w ith  z .
Thus, f o r  a  g iv en  p o s i t io n  and frequency  we can f in d  th e  
f a r f i e l d  p re s s u re  in  th e  f l u i d  u s in g  ( 4 .7 .2 )  and ( 4 .7 .1 3 ) ,  which 
does n o t n e c e s s i t a t e  th e  e v a lu a tio n  o f  in v e rs io n  i n t e g r a l s .
The p la t e  d isp lacem en t f a r  from any p o in t  o f  e x c i t a t io n  can 
be found a s y m p to tic a l ly  from (4 .3 .1 2 )  by u s in g  th e  method o f
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s ta t io n a r y  phase  and th e  Riemann -  Lebesgue lemma.
From (4 . 3 . 12 ) th e  n o rm alized  d isp lacem en t u ( x ,y )  i s  g iv en  by
«0
u(x,y) = f  f  “ (k ,k  ’'y^^dk dk . (4 .7 .2 4 )
^ J J  ^  ^4 t,2
The term  n (k  ,k  ) h as  p o le s  and  b ranch  c u ts  w hich a l l  c o n tr ib u te  X y
to  th e  i n t e g r a l  a t  f i n i t e  x and  y , however, f o r  la rg e  v a lu e s  o f  x 
th e  Riemann -  Lebesgue lemma can be invoked to  o b ta in  an  
a sy m p to tic  e v a lu a tio n  o f  th e  k^ i n t e g r a l  a s  a  sum o f  re s id u e  
c o n tr ib u t io n s  from  th e  p o le s  n e a r  to  th e  r e a l  k^ a x i s .
F or exam ple, c o n s id e r  t h e ih t e g r a l  o f  a  fu n c tio n  F (k ) /(k -K ) ,  
which h a s  a  s in g le  p o le  a t  k = K
oo 0̂t OO-̂  d<, TO+Ot
- ik xf  F ( k ) : e"ikx âk = f  (F(k) -  F(K))e"^^dk + F (k ) f  




(4 . 7 . 25 )
The f i r s t  i n t e g r a l  in  th e  r i g h t  hand s id e  te n d s  to  z e ro  a s  x 
in c re a s e s  by th e  Riemann -  Lebesgue lemma, th e  second in t e g r a l  
can be e v a lu a te d  by c o n to u r in te g r a t io n  to  g iv e  
ao-to u
/ F (k ) e " ^ ^ d k  ~  2 n i F ( K ) e " ^ ^  f o r  la rg e  x . (4 .7 .2 6 )k-K
At f ix e d  k , th e  tra n s fo rm  u (k  ,k  ) has th re e  s e t s  o f  p o le s .  Two y  '  x '  y '
o f  th e se  s e t s  a r e  complex and  g iv e  r i s e  to  e x p o n e n tia l ly  decay ing  
te rm s. The t h i r d  s e t  may be e i t h e r  r e a l ,  complex w ith  r e a l  p a r t  
nn , o r  g e n e r a l ly  com plex, c o ire sp e n d in g  r e s p e c t iv e ly  t o  waves in  
p ass  b an d s, in  s to p  bands o r  to  a c o u s t ic a l ly  damped w aves. I f  
we deno te  th e  v a lu e  o f  k  a t  one o f  th e  p o le s  by k = k „ (k  ) th e n
X ^  ^ X f  y
by th e  p e r io d i c i t y  o f  L (k ) , k^ = k ^(k^ ) -  2nn n = l , 2 , 3 , . . . .  i s  a l s o
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a  s o lu t io n ,  i s  assumed to  be a  p o le  t h a t  co u ld  l i e  in  th e  
upper h a l f  p lan e  i f  th e  p la te  had f i n i t e  i n t e r n a l  damping.
For X > 0  th e  co n to u r can be c lo se d  in  th e  lo w er h a l f  p lan e  to  
g iv e  th e  k^  i n t e g r a l  a s  a  sum o f  b ranch  c u t i n t e g r a l s , which 
ten d  to  ze ro  by th e  Riemann -  Lebesgue lemma f o r  la rg e  x ,  p lu s  
a  sum o f  r e s id u e  c o n tr ib u t io n s  from  th e  p o le s  in  th e  lo w er 
h a l f  p la n e . S im ila r ly ,  f o r  x < 0  we can c lo se  th e  co n to u r in  
th e  u p p er h a l f  p lan e  to  g iv e ,  g e n e r a l ly ,
u (x ,y )  ~  ^  f  I "  ^y ^ ) y ^ u * ( k «  + 2nn ,k  ) e ^ ^ | *  Idk ,
2 n  /  ^  ^ ^
(4 .7 .2 7 )
where ü * (k _ ,k  ) d en o tes  th e  re s id u e  o f  ü (k  ,k  ) a t  k  = k_ .'  f  y '  '■ x '  y '  X f
The rem ain ing  in te g r a l  can be e v a lu a te d  by th e  method o f 
s ta t io n a r y  p h ase . (See Whitham ( ? 4 ) ) .  The s ta t io n a r y  phase p o in ts  
a re  g iv en  by
^  [ k f ( k y ) ix i  -  y j  = 0 .
i . e . à k ^  I X I -  y = 0 . (4 .7 .2 8 )
The p a r t i a l  d e r iv a t iv e  can be found from
= 1 + z y ^ 5 (k ^ - 2 n n ,k ^ ) ,  s in c e  L (k ^ ,k ^ ) = 0.
n
D if f e r e n t ia t in g  g iv e s




ô k .  =  - à L  / c i L
à #  - s i r / ê s r
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( 4 . 7 . 30 )
V f
I t  has been  shown by Hayes (77) t h a t  th e  energy  f lu x  v e c to r  i s  
in  th e  same d i r e c t io n  a s  th e  group v e lo c i ty  and  i t  can be shown 
th a t  (4 . 7 . 2 8 ) i s  s a t i s f i e d  on ly  by th o se  waves whose group v e lo c i ty  
Zdu), 8w  A i s  in  th e  same d i r e c t io n  (x ,y )  a s  fo llo w s ;
K  5 Î Ç A
The d is p e r s io n  r e l a t i o n  f o r  th e  p la t e  i s
L ( k ^ , k y , u )  =  O5 ( 4 . 7 . 3 1 )
hence ,
8 l  + 8 l   ̂ 8w = 0 ,
and
ÔL / 3 l  .
àk  ̂ I awSoJ = -  ^  ^  • (4 . 7 .3 2 )Sk„
S im ila r ly
I K .  •I 8w8 w  I 8 l  . (4 . 7 . 33 )8k
I f  th e  g roup v e lo c i ty  i s  in  th e  d i r e c t io n  ( x ,y )  th e n
^ x
W. I ^  =  X ,  (4 . 7 . 34)
I  y
i . e .  8 l  / 8 l  = X .
c^x  /  y 
Hence, u s in g  (4 .7 .3 0 )
8k^ X + y = 0. (4 . 7 . 3 5 )
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This a g re e s  e x a c tly  w ith  (4 .7 .2 8 )  s in c e  was a  p o le  
co rrespond ing  to  x < 0 ,  and -k ^  corresponded  to  x > 0 . In  th e  
co rrespond ing  a n a ly s is  in  c h a p te r  3# th e  phase v e lo c i ty  and th e  
group v e lo c i ty  were in  th e  same d i r e c t io n ,  which s im p l i f ie d  th e  
c a lc u la t io n s .
I f  we d en o te  th e  ro o t  o f  (4 .7 .2 8 )  by k^ = k ^ , th e n  (4 .7 .2 7 )  
can be w r i t t e n  a s
u ( x , y ) ^ i  e ls (% s) T 5 ^(k.+2n n ,k J e ^ 2Tm|x| f g ” ^  
_  f  s  j y
(4 .7 .3 6 )
i e l n / 4  /  2T, \ l  ü*(k.+2nTT,k )e^2™ ilx |^  (4 .7 .3 7 )
-  ( F I Î Ç T j  n  ^  ^
where g (k ^ )  = k ^ (k ^ ) |x | -  k^y .
The X component o f  (4 .7 .3 7 )  r e p r e s e n ts  a  F lo q u e t wave which may 
o r  may n o t p ro p ag a te  to  la rg e  d i s ta n c e s ,  depending on w hether 
k^ has an  im ag inary  p a r t .  The y  component r e p re s e n ts  a  harm onic 
p lane  wave.
The fu n c tio n  g.(k^) can be w r i t t e n  a s
g (k y ) = (k ^ (k y ) lx l -  k y y ) r  (4 .7 .3 8 )
where r^  = x^ + y ^ , y  = y / r  and |x |  = | x | / r .  Thus, k ^ , th e  zero  
o f  (4 . 7 . 3 8 ) ,  i s  a  fu n c tio n  o f  th e  d i r e c t io n  d e f in e d  by th e  u n i t  
v e c to r  ( |x l , y ) .
The te rm  g " (k  ) o c c u rr in g  in  (4 .7 .3 ? )  i s  g iv en  by
e " (k  ) = à V
%k2
I x I . r  , (4 .7 .3 9 )
k =ky y s 
and
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“  -  [ l h  / L , f  -  2L , , / ï r , \ +  l „ 1 / £ ;  ,  ( 4 . 7 . 4 0 )p i i A f  -  2 4 : 2 0 + •
where s u b s c r ip t  1 o r  2 d en o tes  p a r t i a l  d i f f e r e n t i a t i o n  w ith
re s p e c t  to  k o r  k r e s p e c t iv e ly ,  and a l l  d e r iv a t iv e s  a re  X y
e v a lu a te d  a t  k^ = k ^ . Thus th e  d isp la ce m e n t g iv en  by (4 .7 .3 7 )  
decays l i k e  r  ^ , co rre sp o n d in g  to  th e  ex p ec ted  c y l in d r ic a l  
sp read in g .
The re s id u e  term  û (k ^ ,k ^ ) can be found  from ( 4 .3 .1 2 ) ,  
and i s  g iv e n  by
Ü (R f.R y) = -  Z G ( k j ^ ,k y ) $ ( k j ,y  . ( 4 .7 .4 1 )
^ 4 ( k ^ ,k ^ )
V f
For th e  s p e c ia l  case  x  = n (4 .7 .3 7 )  can be s im p lif ie d  s in c e , 
u s in g  th e  p e r io d ic i ty  o f  vp and L,
^ S * ( k  +2nn,k ) = -  Z %  ,k  ) .% ]2 (k .+ 2 n n ,k  ) .  ( 4 .7 .4 2 )
n  ̂ ---------- i —JL- n
^ L (k ^ .k y )
V f
Also
L(k ,k  ) = 1 + Z(k ) 2 5 ( k .+ 2 m r ,k  ) = 0 
J J  y
and so th e  v a lu e  o f  th e  i n f i n i t e  sum in  (4 .7 ^ 4 ^ ) i s  - l / Z .  Hence
u ( n ,y )  -  e ^ ^ ^ ^ (2 r rg " (k g ) )" 2 e ^ (^ s ) (p (k ^ ,k g )  . ,  (4 .7 .4 3 )
2>k ]
-  129 -
where i t  i s  n o ted  t h a t  depends upon nd and y .
The a sy m p to tic  e x p re ss io n  (4 .7 .3 7 )  co u ld  have been o b ta in ed  
from th e  m od ified  d i s c r e te  F o u r ie r  tra n s fo rm  u s in g
-Tr
e "  I u ( x ,a ,k  )da  dk . (4 .7 .4 4 )
- . 4  y  y
The a n a ly s i s  would have been s l i g h t l y  e a s i e r  s in c e  we need on ly  
have co n s id e re d  a  s in g le  p o le  c o n tr ib u t io n  when e v a lu a t in g  th e  
a  i n t e g r a l .  E x p ress io n  ( 4 .7 .4 2 )  can s im i la r ly  be o b ta in e d  from 
th e  d i s c r e t e  F o u r ie r  tra n s fo rm  u ( o ,k ^ ) .  The r e s u l t i n g  
e x p re ss io n s  f o r  u ( x ,y )  a r e  no e a s i e r  to  c a lc u la te  s in c e  th e  i n f i n i t e  
sum in  ( 4 .7 .3 ? )  i s  im p l i c i t l y  c o n ta in e d  in  th e  m o d ified  
d is c r e te  tra n s fo rm  u ( x ,k ^ ,k ^ ) .
-1 3 0  -
4 .8  COMPUTATION
The c a lc u la t io n  o f  th e  d i s c r e t e  F o u r ie r  tra n s fo rm s , which 
o ccur in  th e  a sy m p to tic  e x p re ss io n s  o b ta in e d  in  th e  p re v io u s  
s e c t io n ,  r e q u ir e  th e  e v a lu a tio n  o f  i n f i n i t e  sums. The 
summations must be done n u m e ric a lly  w ith  t r u n c a t io n  a f t e r  a  
f i n i t e  number o f  te rm s , b u t  convergence may be a c c e le r a te d  a s  
fo llo w s . C onsider th e  e x p re ss io n  f o r  L ( 0 ,a ) ,
oo
L ( 0 ,a )  = 1 +  Z^(k ) X ) l /2 „ ( a - 2 n n ,k  ) ( 4 .8 .1 )
^ n=-oo ^
where and  Z^ a r e  g iv en  by (4 .5 .1 4 )  and (4 .5 .1 5 )  r e s p e c t iv e ly .
L et th e  i n f i n i t e  sum be deno ted  by S , th e n  S can be w r i t t e n
a s
s  = Z ) t  + J 2 — L —  • ( 4 .8 .2 )
“  "  ^ ( Q - 2 n i T ) 2 d k 2 j 2
where
Zp(a-2nTT,ky) |^(a-2nn)2+k2}
The second summation can be e v a lu a te d  a n a l y t i c a l l y ,  and 53
n
converges more r a p id ly  th a n  S.
C onsider th e n
8 i ( i , k  ) = ■ 1 . ( 4 .8 .3 )
y  n (a-2nn)2+  k ^ l
which can be w r i t t e n  a s
5l(“.V  = XT,(  1 V (4.8.4)
^  ”  \ ( “ -2nn)2+k2
The summation can be e v a lu a te d  by c o n to u r in te g r a t io n  s in c e
- 1 3 1  -
 ̂ (a-2nnr+kf, kjA J
T f  ( 4 .8 .5 )
y t  +ky
where th e  c o n to u r  e n c lo se s  th e  p o le s  o f  th e  num erato r o f  th e  
in te g ra n d .
The i n t e g r a l  a round  th e  co n to u r a t  i n f i n i t y  i s  z e ro  and 
so , by Cauchy*s th eo rem , th e  i n t e g r a l  can be e v a lu a te d  a s  th e  
sum o f  th e  two r e s id u e  c o n tr ib u t io n s  f±em th e  z e ro s  o f  th e  
denom inator. Hence,
1 ( s in h  )
4k 6 k  1 k (cos a  -  cosh k ) ( 
y y I y  )
= cos a (k cosh  k  -  s in h  k ) + s in h  k cosh k -  k ̂ y 1 ZL______ 1_ _ _ _ _ 1__ 1
4 k ^ ( c o s a -  cosh k )^
y  y ( 4 .8 .6 )
L (0 ,q) can now be w r i t t e n  a s
N
1 ( 0 , a )  -  l  + z^ (k y ) % ]  T jj + 2 g (k y )S ^ (a ,k y ) ( 4 .8 .7 )
n=M
where N and M a r e  chosen  to  g iv e  th e  re q u ire d  a cc u ra cy .
In  p r a c t i c e ,  becau se  o f  th e  p e r io d ic i ty  o f  L (0 ,a )  we need 
on ly  e v a lu a te  ( 4 .8 .7 )  f o r  - n ^ a < n ,  and N = -M = 10 gave 
s u f f i c i e n t  a cc u ra cy  f o r  th e  range  o f  p a ram ete rs  c o n s id e re d  in  
th e  n e x t s e c t io n .  E x p ress io n s  f o r  th e  p a r t i a l  d e r iv a t iv e s  o f 
L (0 ,a )  can be o b ta in e d  by e x p l i c i t  d i f f e r e n t i a t i o n  o f  ( 4 .8 .7 ) .
The F lo q u e t wavenumbers, k ^ , a re  found from  L (0 , q)  u s in g
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a  s tan d a rd  N.Â.G. r o u t in e  f o r  th e  s o lu t io n  o f  a  p a i r  o f  
tra n s c e n d e n ta l  e q u a tio n s  by P o w e ll 's  (68) m ethod, th e  two eq u a tio n s  
be in g  th e  r e a l  and im ag inary  p a r t s  o f  L (0 ,a )  s e t  eq u a l to  z e ro .
For com parison w ith  th e  r e s u l t s  in  c h a p te r  3 we s h a l l  
co n s id e r harm onic p o in t  e x c i t a t io n  o f  th e  p l a t e ,  so tha jt th e  
norm alized  fo rc e  i s
f ( x ,y )  = f ^  6 (x )  6 (y ) ( 4 .8 .9 )
and
vp(x ,a ) = f^ e “ ^ ^  ] ^ 5 ( c i -2 n n ,k  )e^^” ™ . (4 .8 .1 0 )
n ^
The tran sfo rm ed  d isp lacem en t u (k )  g iv en  in  (4 .3 .1 2 )  re d u c es  to
u (k )  = f^ 2 (k )/fT (k ). (4 .8 .1 1 )
In  g e n e ra l we n o te  t h a t  th e  s o lu t io n  o f  ( 4 .7 .2 8 ) ,  to g e th e r  w ith  
L(k^,ky.) = 0 i s  co m p lica ted ; how ever, f o r  th e  s p e c ia l  c a se  y  = 0 
(4 .7 .2 8 )  i s  c l e a r ly  s a t i s f i e d  by k^ = 0 , from th e  symmetry o f  
th e  problem .
The i n f i n i t e  sum S ^ (a ,0 )  g iv e n  in  ( 4 .8 .6 )  ta k e s  th e  v a lu e
S j ^(q . O )  =  ( 2  +  c o s q )  , (4 .8 .1 2 )
12(1 -  cos a ) ^
which i s  s in g u la r  a t  a =  2nn. However, ( 4 .8 .7 )  can be w r i t t e n
N
L(0,Q) ^  1 + 2 g ( 0 ) ^  T^ + Z g ( 0 ) k  ( q,0 )  -  1 1 . (4 .8 .1 3 )
n=M 2 (0 ,0 )  ^
n=#0 ^
The term  in  sq u are  b ra c k e ts  i s  r e g u la r  a t  o = 0 and ta k e s  th e  
value  1/ 720 .
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4 .9  RESULTS
In  o rd e r  t h a t  com parisons may he made w ith  th e  r e s u l t s  o f  
ch a p te r  3» th e  same p h y s ic a l  and m a te r ia l  c o n s ta n ts  have been 
used to  g e n e ra te  th e  r e s u l t s  p re se n te d  in  t h i s  s e c t io n .  As in  
c h ap te r  3 , th e  r e s u l t s  f o r  th e  f a r f i e l d  f l u i d  p re s s u re  and p la te  
d isp lacem en t have been no rm alized  to  th e  co rre sp o n d in g  r e s u l t s  
f o r  a  p l a t e  w ith  no s t i f f e n i n g  beams.
The r e s u l t s  f o r  th e  p la te  d isp lacem en t r e q u ir e  th e  c a lc u la t io n  
o f  th e  so c a l l e d  F lo q u e t wavenumber, k^ . We choose k^ so t h a t  
-77<Re(kj^)<7r and lm (k ^ )> 0 . I f  th e  im aginary  p a r t  o f  k^ i s  non­
zero  th e  F lo q u e t wave in  th e  p l a t e  decays e x p o n e n tia l ly  and , 
to  lo w est o rd e r  in  | x | ,  th e re  i s  no d isp lacem en t in  th e  p la te  
f a r f i e l d .  H ence, we need on ly  c a lc u la te  th e  r e a l  v a lu e s  o f  k^ .
I t  has a l s o  been n o ted  p re v io u s ly  t h a t ,  i f  th e  wavenumber in  th e  
f l u i d  i s  g r e a t e r  thanT T , th e n  k^  n e c e s s a r i ly  h as  an  im aginary  
p a r t  and th e  F lo q u e t wave i s " a c o u s t i c a l ly  damped” . However, t h i s  
a c o u s tic  damping may be sm a ll ,  a n d , a s  a rg u ed  by Mace (8 0 a ), 
th e  damped F lo q u e t wave may s t i l l  be im p o rtan t a t  f i n i t e  d is ta n c e s .  
By n e g le c t in g  th e  im ag inary  p a r t  o f  L (k) we can f in d  a  wavenumber, 
k ^ , which s a t i s f i e s
E e [ L ( k J ] = 0 ,  ( 4 .9 .1 )
and co rre sp o n d s  to  a  F lo q u e t wavenumber found by n e g le c t in g  th e  
a c o u s tic  damping o f  th e  f l u i d .  F or r e a l  k^^, i f  Im [L (k ^ )] = 0 th e n  
k^ = k ^ , and th e  co rre sp o n d in g  wave in  th e  p la te  i s  a  
p ro p a g a tin g  ELoquet wave. However, i f  Im [L (k^)] * 0 th e n  th e  
wave i s  term ed  a  "pseudo” p ro p a g a tin g  wave, (M ace(80)), and th e  
co rre sp o n d in g  f te q u e n cy  range i s  c a l le d  a  "pseudo p a ss  band” .
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P lo ts  o f  r e a l  and k^ a g a in s t  freq u en cy  a re  shown in  f ig u r e  4 .1 .  
For com parison w ith  r e s u l t s  in  c h a p te r  3 th e  freq u en cy  i s  no rm alized  
to  th e  c l a s s i c a l  co in c id en ce  frequency  f o r  th e  u n s t i f f e n e d  p la te .  
P lo ts  showing th e  b eh av io u r o f  k^ in  th e  pseudo p a ss  bands and 
th e  s to p  bands w i l l  be g iv en  in  c h a p te r  5« When th e  p l a t e  wave­
number k i s  a  m u ltip le  o f  n ,  th e n  k„ + 2Nn = k f o r  some N. A 
P f  P
p lo t  o f  kp -  2mn i s  a ls o  shown in  f ig u r e  4 .1  ( th e  d o t te d  l i n e s ) ,
where m i s  chosen so t h a t  - n < k  -  2m n^n . A lso shown a re  th e
P
two s t r a i g h t  l i n e s  d en o tin g  th e  a c o u s tic  wavenumbers -  k ^ .
When k^ (d e p ic te d  by th e  s o l id  l i n e )  i s  e i t h e r  above o r  below 
both  o f  th e s e  s t r a i g h t  l i n e s  th e  F loquet wave i s  undamped and 
k^ c o in c id e s  w ith  k̂  ̂ (d e p ic te d  by th e  "dashed " l i n e ) .  The 
frequency  bands f o r  which th e r e  e x i s t s  a  r e a l  k^ b u t  no r e a l  
k^ a re  pseudo p a ss -b a n d s , th o se  f o r  which n e i th e r  r e a l  k^ n o r 
k^ e x i s t  a r e  s to p -b a n d s .
The re sp o n se  o f  th e  p e r io d ic a l ly  s t i f f e n e d  p l a t e  t o  a  l in e  
so u rce , a p p lie d  a lo n g  th e  beam a t  x = 0 , may be o b ta in e d  from
(4 . 7 . 27 ) by  o m ittin g  th e  i n t e g r a l  w ith  r e s p e c t  to  k^  and  th e  
f a c to r  l / 2 n ,  and s u b s t i t u t in g  k^ = 0. The r e s u l t i n g  d isp lacem en t 
fo r  la rg e  x = n i s  shown in  f ig u r e  4 .2  a s  a  fu n c tio n  o f  norm alized  
freq u en cy . The d isp la c e m e n ts , u ,  a re  norm alized  to  th e  
co rresp o n d in g  re sp o n se , u ^ , o f  an  u n s t i f f e n e d  p l a t e  t o  th e  same 
l in e  f o r c e .  The s o l id  l i n e s  show th e  d isp lacem en t a s  c a lc u la te d  
u sin g  th e  a c tu a l  F lo q u e t wavenumber k^; th e  v e r t i c a l  s c a le  i s  
10 lo g  |u /u ^ l  and th e  p lo t  shows th e  p re d ic te d  p a s s -  an d  s to p ­
bands. Above a  n o rm alized  freq u en cy  o f  O.OI9 th e  a c o u s t ic  
wavenumber i s  g r e a t e r  th a n n  (see  f ig u re  4 .1 )  and so  th e  F lo q u e t 
wave i s  a lw ays damped ; hence th e r e  i s  no re sp o n se , to  t h i s  o rd e r ,  
a t  h ig h e r  f r e q u e n c ie s .  The dashed  l i n e s  d e p ic t  th e  d isp lacem en t
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F igure  4 .1 .  The r e a l  wavenumbers a g a in s t  frequency .
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F igure  4 . 2 .  P la te  d isp lacem en t a t  a  beam a g a in s t  frequency  
f o r  a  l i n e  fo rc e  e x c i ta t io n .
u s in g  k^ .
— u s in g  (n e g le c tin g  a c o u s tic  damping),
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a s  c a lc u la te d  u s in g  in s te a d  o f  k^ . The a c o u s t ic  damping th u s  
p lay s  no p a r t ,  and  we have a  n o n -ze ro  re sp o n se  in  th e  pseudo pass- 
bands. T h is  l a t t e r  p lo t  may be compared w ith  f ig u r e  3 - 2 .  The 
p lo t  f o r  N = 9 in  f ig u r e  3-2  shows " tro u g h s"  in  th e  freq u en cy  
bands c o rre sp o n d in g  to  s to p -b a n d s ; th u s ,  th e  p la te  s t i f f e n e d  w ith  
a  f i n i t e  number o f  beams i s  te n d in g  to  produce th e  s to p -b an d s  
o f  th e  p e r io d ic  s t r u c t u r e , A lthough n o t shown, th e  co rresp o n d in g  
p lo t  f o r  N = 5  a l r e a d y  shows th e  same s t r u c tu r e .  F ig u re  4 .2  shows 
th e  d isp lacem en t a t  a  beam. N ear to  k^ = n n  t h i s  d isp lacem en t 
w i l l  alw ays be n e a r  to  zero  because  th e  p l a t e  i s  e x c i te d  in to  a  
s tan d in g  wave w ith  nodes a t  th e  beam p o s i t io n s .  A p l o t  o f  th e  
maximum d isp la ce m e n t o f  th e  p l a t e  between th e  beams may have 
produced a  p l o t  more c lo s e ly  resem b lin g  th o s e  in  f ig u r e  3 - 2 ,  
however, a t  th e  end o f  a  p a ss -b a n d , th e  maximum d isp lacem en t 
i s  a t  th e  beam p o s i t io n  and i t  i s  h e re  t h a t  we have c lo s e s t  
correspondence betw een f ig u r e  4 .2  and f ig u r e  3-2. F ig u re  4 .3  
shows th e  d isp la ce m e n t o f  th e  p l a t e ,  a t  la rg e  | x |  = n and y = 0 , 
caused by a  p o in t  fo rc e  e x c i t a t io n .  As in  th e  p re v io u s  f ig u r e ,  
th e  s o l id  l i n e s  d e p ic t  th e  d isp la c e m e n t, u ,  c a lc u la te d  u s in g  
th e  a c tu a l  F lo q u e t wavenumber, k ^ , and th e  dashed  l i n e s  u s in g  
k^. Again th e  d isp la ce m e n ts  a r e  norm alized  to  th e  re s p o n se , 
u ^ , o f  an  u n s t i f f e n e d  p l a t e ,  and  can be compared w ith  f ig u r e  
3-2. The a d d i t io n  o f  a  f i n i t e  number o f beams d id  n o t change 
th e  n a tu re  o f  th e  f r e e  wave in  th e  p la te  b u t m erely  m od ified  
i t s  a m p litu d e , how ever th e  a d d i t io n  o f  th e  p e r io d ic  a r r a y  o f 
beams changes th e  problem . In  b o th  problem s th e  beams can be 
re p la c e d  by e q u iv a le n t  fo r c e s ;  w ith  a  f i n i t e  a r r a y  o f  beams th e  
only  way f o r  th e  e f f e c t  o f  th e s e  fo rc e s  to  re a c h  th e  p la t e  
f a r f i e l d  i s  th ro u g h  th e  f l e x u r a l  wave in  th e  p la te  and  so th e






F ig u re  4 .3 .  P la te  d isp lacem en t a t  a beam a g a in s t  frequency  
f o r  a  p o in t  fo rc e  e x c i t a t io n .
u s in g  k^ .
   u s in g  (n e g le c tin g  a c o u s t ic  dam ping).
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asym pto tic  r e s u l t  caji be o b ta in e d  by c o n s id e r in g  t h i s  one 
f le x u ra l  mode. However, a  co rresp o n d in g  s ta te m e n t canno t be made 
f o r  th e  p e r io d ic a l ly  s t i f f e n e d  p l a t e ,  s in c e  th e  r e c e iv e r  i s  alw ays 
c lo se  to  a  beam, t h a t  i s ,  c lo se  to  a  l i n e  o f  f o r c e .  Thus, th e  
n a tu re  o f  th e  f r e e  wave i s  changed by th e  a d d i t io n  o f  th e  beams, 
and th e  problem  i s  f u r t h e r  com plica ted  because  th e  f r e e  mode 
i s  dependent upon th e  d i r e c t io n  c o n s id e re d . In  a l l  th e n , th e  
n a tu re  o f  th e  wave p ro p a g a tio n  in  th e  p l a t e  f a r f i e l d  has  been 
fundam entally  changed by th e  a d d i t io n  o f  a  p e r io d ic  a r r a y  o f  
beams, and i t  i s  n o t s u r p r i s in g , th e r e f o r e ,  t h a t  th e  r e s u l t s  
in  t h i s  c h a p te r ,  w h i l s t  hav ing  some f e a tu r e s  in  common w ith  
th o se  in  c h a p te r  3# a r e  n o t d i r e c t l y  com parable . The n a tu re  
o f  th e  f r e e  wave p ro p a g a tio n  in  th e  f l u i d ,  how ever, i s  
unchanged by th e  a d d i t io n  o f  p e r io d ic  s t i f f e n i n g .  F igu re  4 .4  
shows th e  f a r f i e l d  f l u i d  p re s su re  a t  a  p o in t  d i r e c t l y  above 
th e  p o in t  o f  e x c i t a t i o n ,  r e l a t i v e  to  th e  co rresp o n d in g  p re s su re  
r a d ia te d  by an u n s t i f f e n e d  p l a t e .  The maxima and minima cou ld  
p robab ly  be m atched, a s  th o se  in  f ig u r e  3*6, to  co rresp o n d in g  
extrem a in  th e  in p u t impedance o f  th e  s t i f f e n e d  p l a t e ,  and 
i t  i s  ex p ec ted  t h a t  i f  N were in c re a s e d ,  th e  co rresp o n d in g  p lo t s  
in  f ig u re  ^,6 would in c re a s in g ly  resem ble f ig u r e  4 .4 .
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F igu re  4 .4 .  The f a r f i e l d  r a d ia te d  p re s su re  a g a in s t
freq u e n cy , a t  a  p o in t  d i r e c t l y  ahove th e  
p o in t  o f  e x c i t a t io n .
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4 .1 0  EXTENSIONS
The methods o f  t h i s  c h a p te r  can be combined w ith  th o s e  o f
c h ap te r  3 to  f in d  th e  resp o n se  o f  a  more co m plica ted  s t r u c tu r e
c o n s is t in g  o f  a  p e r io d ic a l ly  s t i f f e n e d  p la t e  w ith  a  f i n i t e
number o f  a d d i t io n a l  s t i f f e n e r s .  Such a  s t r u c tu r e  m ight be a
model f o r  a  p e r io d ic a l ly  s t i f f e n e d  s h i p 's  h u l l  w ith  a  f i n i t e  number
o f bu lk h ead s. One in te r e s t in g  s p e c ia l  case  i s  when th e  a d d i t io n a l
s t i f f e n e r s  a r e  p laced  w ith  th e  same sp ac in g  a s  th e  p e r io d ic  a r ra y
o f  beams and a re  g iv en  an  impedance eq u a l and o p p o s ite  t o  them.
This p roduces a  model f o r  a  p l a t e  p e r io d ic a l ly  s t i f f e n e d  ex cep t
f o r  a  gap . S im ila r ly  s e v e ra l  gaps cou ld  be in c lu d e d  in to  th e  model.
C orresponding to  e q u a tio n  ( 4 .2 .4 )  we have
N
u (x )  = (|/(x) -  Z ^ (G o u )(x )-G  (*n) (4 .1 0 .1 )
n= l
where and  Z^ a re  th e  s p e c t r a l  im pedances o f  th e  p e r io d ic
s t i f f e n e r s  and th e  n a d d i t io n a l  s t i f f e n e r  r e s p e c t iv e ly .  Each 
o f  th e  N a d d i t io n a l  s t i f f e n e r s  i s  assumed to  l i e  a lo n g  one o f 
th e  p e r io d ic  s t i f f e n e r s ,  and r o t a t i o n a l  im pedances have been 
n e g le c te d .
At X = m (4 .1 0 .1 )  can be w r i t t e n
N
(L D u)(m ) = 4^m)- y ^ Z g G (m -x ^ )u (x ^ ), (4 .1 0 .2 )
n= l
where
L (n) = + Zj^G(n).
In tro d u c in g  th e  in v e rse  o p e ra to r  M, which can be found u s in g
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d is c r e te  F o u r ie r  t ra n s fo rm s , where
(M üL)(n) = 6^^, (4 .1 0 .3 )
g iv e s  %
u(m) = (M □ v l/)(m )-y ^  z” (M □ G ^)(m )u(x^) (4 .1 0 .4 )
n = l
where
Gg(x) = G (x -x ^ ).
E quation  (4 .1 0 .4 )  i s  v a l id  a t  m = x ^ , n = 1 , . . . ,  N so we can w r ite  
N
"  (” D l|l)(x ^ ), H (4 .1 0 .5 )
n= l
where
^mn = 6mn +
T his i s  a  s e t  o f  N s im u ltan eo u s  e q u a tio n s  f o r  th e  d isp lacem en ts  
u (x ^ ) ,  th e  s o lu t io n  o f  which e n a b le s  u (x )  to  be found from th e  
o r ig in a l  e q u a tio n  ( 4 .1 0 .1 ) .
A nother e x te n s io n  to  th e  model i s  th e  a d d i t io n  o f  a  p e r io d ic  
a r ra y  o f  s t i f f e n e r s ,  so t h a t  we have s t i f f e n e r s  o f  impedance Z^ 
a t  X = n and  s t i f f e n e r s  o f  impedance Z^ a t  x  = n p , where n and 
p a re  in te g e r s  (x  h as  been s u i t a b ly  n o n -d im e n s io n a liz e d ) . T h is 
problem  h as  a lre a d y  been s tu d ie d  by Mace (80b) u s in g  o rd in a ry  
F o u r ie r  t ra n s fo rm s , b u t i t  i s  i n t e r e s t i n g  to  n o te  h e re  how th e  
use o f  d i s c r e t e  F o u r ie r  tra n s fo rm s  s im p l i f i e s  th e  a n a ly s i s .
We d e f in e  th e  d i s c r e t e  c o n v o lu tio n  o p e ra to r  by
oo
(G QpU)(x) = G (x -n p )u (n p ), (4 .1 0 .6 )
n=- w
and th e  co rre sp o n d in g  d i s c r e t e  tra n s fo rm  by
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oo
u ^ (x ,a )  = ^   ̂ e ^ ^ ^ u ( n p  + x ) .  (4 .1 0 ,7 )
n—“ Oo
In  term s o f  th e  o rd in a ry  F o u r ie r  tra n s fo rm  u (k )
CO
u ( 0 , q)  = ^ ^ u (g -2 n n ) (4 .1 0 .8 )
n=-oo
and
u ^ ( 0 ,a )  = 1 u (a -2 n n ) , (4 .1 0 .9 )
n  -nP Pn=-«> ^
from which we deduce t h a t
p -1
u ^ ( 0 ,a )  = 1 (0 .q -2 n n ) . (4 .1 0 .1 0 )
C orresponding to  ( 4 .2 .6 )  we have
u (x )  = v|j(x)-Z^(G □ u ) (x ) -Z 2 (G a p U )(x ) . (4 .1 0 .1 1 )
Taking th e  m odified  d i s c r e te  F o u r ie r  tra n s fo rm  g iv e s
u ( x , q )  = i | ; ( x , a ) - Z ^ ( x , a ) u  (0 , a ) - Z g 6 ^ ( x , a ) u ^  (O, a ) . (4 .1 0 .1 2 )
S u b s t i tu t in g  f o r  u ^ (0 ,a )  from  (4 .1 0 .1 0 )  g iv e s
P-1
u ( x , q )  =  i|)(x, g)“ Z iG( x , q ) u ( 0 , o)-Z^G (x, a ) ^ ^  u ( O ,a -2 n n ) . (4 .1 0 .1 3 )
p n=0 ^
P u tt in g  X = 0 in  t h i s  e q u a tio n  and re a r ra n g in g  p roduces
p -1
u ( 0 ,g )  = i|j(0 ,g )-Z 2 5 ( 0 ,0 ) ^ ^  u (0 ,o -2 n n ) .
n=0
1 + Z^G (0,g)
(4 .1 0 .1 4 )
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I f  we re p la c e  a  by = a  - 2 r n  and th e n  Bum o v er r  from  0 to
P
p-1  we o b ta in
p-1  p -1
g (0 t« y )  °
r=0 r= 0
l + Z j ^ S ( 0 , Q j . )
. ^ u ( 0 , a j .  (4 .1 0 .1 5 )
^  r= 0  l+ Z jG (0 ,q ^ ) n=0
Hence
p -1
^ s ( 0 , < y )  + ( 0 ,0 . )  j l P i O . a ) ,  (4 .1 0 .1 6 )
^ 0  ^  l+ Z jG (0 ,a^ )
where
p -1
r pl ? ( 0 , a )  = 1 + Zg ^  5 ( 0 ,0 ^ )  . (4 .1 0 .1 7 )
P ^  l+ Z jÏÏ(0 ,a ^ )
E quation  (4 .1 0 .1 6 )  can be u sed  to g e th e r  w ith  (4 .1 0 .1 3 )  &nd 
(4 .1 0 .1 4 )  to  g iv e  u ( x , q )  which can th e n  be in v e r te d  to  g iv e  u ( x ) .
A l te r n a t iv e ly ,  we n o te  t h a t  i f  th e  G re e n 's  fu n c t io n  f o r  a  
p la te  w ith  a  p e r io d ic  a r r a y  o f  s t i f f e n e r s  i s  G (x ;x * ) , th e n  
G(n;m) = G (n-m ) and  G can be found u s in g  d i s c r e te  tra n s fo rm s .
The tra n s fo rm  o f  G^ in  te rm s o f  th e  p la t e  G re en 's  fu n c tio n
G(x-x') is
G g(0 ,o ) = G (O .g) . (4 .1 0 .1 8 )
l+ Z ^G (0 ,o )
In  term s o f  G^ th e  re sp o n se  o f  a  p la t e  w ith  two s e t s  o f  s t i f f e n e r s
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can be w r i t t e n
u (n)  = vl»(n) -  Z2(GgOpU)(n), (4 .10 .19)
where
'l'(n ) = (Gg* f ) ( n ) .
Taking th e  m od ified  tra n s fo rm  ( )^ o f  t h i s  e q u a tio n  g iv e s
u ^ ( n ,a )  = lp ^ ( n ,a ) - Z ^ ^ ( n ,a ) u ^ ( 0 ,a ) .  (4 .1 0 .2 0 )
We can u se  (4 .1 0 .9 )  to  f in d  G^ from G^, and so a t  n = 0
u P (0 ,a )  = l p ( 0 , a ) ^ I ? ( 0 , a ) ,  (4 .1 0 .2 1 )
where p _ i
l ? ( 0 , a )  = 1 + 2 ^ ( 0 ,  a ) = 1 ^  Z-rxf
p n=0
which i s  e q u iv a le n t  to  ( 4 .1 0 .1 ? ) .
T h is  e x p re ss io n  f o r  u ^ ( 0 ,q ) ,  (4 .1 0 .2 0 ) , can be in v e r te d  to  
g iv e  th e  d isp lacem en t u (x )  a t  x = np , o r  used  to g e th e r  w ith  
(4 . 10 . 13 ) and (4 .1 0 .1 4 )  to  f i n d  th e  d isp lacem en t a t  any  x .
T h is  model h as been u sed  by Mace (80b) to  s tu d y  a  s h ip 's  
h u l l  w ith  s t i f f e n e r s  and b u lk h e a d s , b u t cou ld  p o s s ib ly  be used to  
study  o th e r  p e r io d ic  s t r u c tu r e s  ( e .g .  a  tu rb in e  w ith  a  b lad e  
m is s in g ) . I t  i s  n o ted  t h a t  i n  th e  absence o f  f l u i d  lo a d in g  th e  
i n f i n i t e  sums re q u ire d  in  th e  c a lc u la t io n  o f  th e  d i s c r e t e  
tra n s fo rm s  can be e v a lu a te d  a n a ly t i c a l l y .
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4 .1 1  CONCLUSIONS
In  t h i s  c h a p te r  th e  resp o n se  o f  a  f lu id - lo a d e d ,  p e r io d ic a lly -  
s t i f f e n e d  p l a t e  h as  been s tu d ie d , The problem  was reduced  to  
a  s in g le  e q u a tio n  in v o lv in g  a  d i s c r e t e  c o n v o lu tio n  o p e ra to r ,
(o r  a  p a i r  o f  such e q u a tio n s  i f  th e  moments produced by th e  
beam a re  in c lu d e d ) ,  which was th e n  so lv ed  by a p p l ic a t io n  o f  th e  
d is c r e te  F o u r ie r  tra n s fo rm  o r  th e  m od ified  d i s c r e t e  F o u r ie r  
tran sfo rm . T h is  l a t t e r  tra n s fo rm  r e p re s e n ts  a  g iv en  fu n c tio n  
a s  a  s u p e rp o s i t io n  o f  F lo q u e t waves and red u ces  th e  co n v o lu tio n  
eq u a tio n  to  an  a lg e b r a ic  e q u a tio n  f o r  th e  tra n sfo rm e d  v a r ia b le .
For a  p l a t e  w ith  no f l u i d  lo ad in g  th e  in v e rse  tra n s fo rm  can 
be found u s in g  r e s id u e s ,  w hile  f o r  th e  f lu id - lo a d e d  p la te  th e  
in v e rse  may e i t h e r  be e v a lu a te d  n u m e ric a lly  o r  expanded a s  an 
asy m p to tic  s e r i e s .  In  t h i s  c h a p te r  we h av e , a s  an  exam ple, 
found th e  f i r s t  te rm s in  th e  s e r i e s  f o r  th e  p la t e  d isp lacem en t 
and th e  f l u i d  p re s s u re  a t  la rg e  d is ta n c e s  from a  p o in t  o r  l i n e  
o f  e x c i t a t io n .  As in  c h a p te r  3» th e  p re s su re  in  th e  f a r f i e l d  
o f  th e  f l u i d  ta k e s  th e  form o f  e i t h e r  a  s p h e r ic a l ly  o r  a  
c y l in d r i c a l ly  sp re ad in g  harm onic wave. The f a r f i e l d  m otion o f  
th e  p l a t e ,  how ever, ta k e s  th e  form  o f  a  F lo q u e t wave, a  wave 
w e ll known in  th e  s tu d y  o f  p e r io d ic  s t r u c tu r e s .  At some fre q u e n c ie s  
t h i s  wave may be e x p o n e n tia lly  decay ing  because o f  th e  p e r io d ic i ty  
o f  th e  s t r u c tu r e  o r  because o f  a c o u s t ic  damping, o r  b o th . At 
o th e r  f r e q u e n c ie s  th e  wave may p ro p ag a te  u n a tte n u a te d  to  la rg e  
d is ta n c e s .
These p ro p a g a tio n  and a t te n u a t io n  zones a r e  a lre a d y  becoming 
ap p aren t in  th e  r e s u l t s  in  c h a p te r  3 f o r  a  p la t e  s t i f f e n e d  w ith  
a  f i n i t e  number o f  e q u a lly  spaced beams.
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I f  th e  in te n t io n  i s  to  develop  a  model o f  an  a c tu a l  s t r u c tu r e ,  
th e  model developed  in  t h i s  c h a p te r  i s  p h y s ic a l ly  more rea so n a b le  
f o r  th e  c a lc u la t io n  o f  p l a t e  d isp la c e m e n ts , s in c e  th e  s t i f f e n in g  
beams a re  l i k e l y  to  ex ten d  o v e r th e  whole o f  th e  s t r u c tu r e .  For 
th e  c a lc u la t io n  o f  f l u i d  p re s s u re s  th e re  i s  l i t t l e  to  choose 
between th e  two m odels. The f i r s t  model h as th e  a d v an ta g e , how ever, 
o f  be ing  a b le  to  d e a l w ith  u n e q u a lly  spaced beam s, b u t i s  n u m e ric a lly  
more co m p lica ted  s in c e  i t  r e q u i r e s  th e  s o lu t io n  o f  a  system  o f  
a lg e b ra ic  e q u a tio n s .
The te c h n iq u e s  developed  in  t h i s  c h a p te r  f o r  s tu d y in g  t h i s  
p a r t i c u l a r  p e r io d ic  system  may w e ll have a p p l ic a t io n s  to  o th e r  
p e r io d ic  sy stem s.
-  148 -
CHAPTER 5 THE RESPONSE OF A FLUID-LOADED PLATE STIFFENED BY 
A SEMI-INFINITE ARRAY OF BEAMS 
5 .1  INTRODUCTION
C hapter 4  examined th e  b eh av io u r o f  a  p e r io d ic a l ly  s t i f f e n e d  
f lu id - lo a d e d  p l a t e .  A lthough in  r e a l  s t r u c t u r e s ,  such a s  s h ip 's  
h u l ls  o r  a i r c r a f t ,  s t i f f e n in g  o f te n  ta k e s  th e  form o f  e q u a lly  
spaced un ifo rm  beam s, th e  sp ac in g  and p r o p e r t i e s  o f  th e  beam may 
be d i f f e r e n t  in  a d ja c e n t  re g io n s  o f  th e  s t r u c t u r e ,  o r  in d eed  th e  
s t r u c tu r e  may have an  u n s t i f f e n e d  re g io n . In  o rd e r  to  g a in  some 
in s ig h t  in to  th e  b eh av io u r o f  a  s t r u c tu r e  w ith  such a  d is c o n t in u i ty  
in  th e  p e r io d i c i t y ,  t h i s  c h a p te r  examines th e  b eh av io u r o f  a  f l u i d -  
loaded  p la t e  s t i f f e n e d  on one h a l f  by a  s e m i - in f in i t e  a r r a y  o f  
a tta c h e d  beams.
As in  th e  p re v io u s  c h a p te r ,  th e  problem  i s  f i r s t  so lv ed  
fo rm ally  u s in g  d i s c r e te  c o n v o lu tio n s . The a c tu a l  te ch n iq u e  f o r  
fin d in g  th e  fu n c tio n s  d e f in e d  in  th e  fo rm al s o lu t io n  in v o lv e s  
th e  use o f  th e  d i s c r e te  F o u r ie r  tra n s fo rm , in tro d u c e d  in  c h a p te r  
4 , to g e th e r  w ith  an a p p l ic a t io n  o f  th e  W iener-Hopf te c h n iq u e .
The s o lu t io n  f o r  a  g e n e ra l  e x c i t a t io n  i s  d e r iv e d , a lth o u g h  
d e t a i l s  and r e s u l t s  a r e  g iv en  on ly  f o r  th e  c a se  when th e  
e x c i ta t io n  ta k e s  th e  form o f  a  f r e e  p lan e  wave in  th e  u n s t i f f e n e d  
h a l f  o f  th e  p l a t e ,  in c id e n t  upon th e  a r r a y  o f  beams.
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5 .2  THE FORMAL SOLUTION
The tra n sfo rm e d  d isp lacem en t o f  an  e l a s t i c  p la te  s t i f f e n e d  
by a  s e m i - in f in i t e  a r r a y  o f  beams a t ta c h e d  a lo n g  th e  l i n e s  
X = n , n > 0  i s  g iv en  by
oo
ü (x ,k y ) = g (x ,k y ) * î(x ,k y )  + g (x ,k y )  F (k^) Ô (x - n ) ,  ( 5 .2 .1 )
n=0
w here,as in  p re v io u s  c h a p te r s , u (x ,k  ) d en o tes  th e  o rd in a ry
y
F o u rie r tra n s fo rm  o f u ( x ,y )  w ith  r e s p e c t  to  y ,  G (x ,y ) i s  th e  
G reen 's  fu n c tio n  f o r  th e  u n s t i f f e n e d  p la t e  and F ^(y ) i s  th e  fo rc e  
on th e  p l a t e  due to  th e  n^^ beam. The ♦  d en o tes  c o n v o lu tio n  w ith  
re sp e c t to  x . As b e fo re  we s h a l l  s im p lify  th e  n o ta t io n  by assum ing 
th e  ky dependence im p l i c i t l y  and w r i te  u (x )  = u (x ,k ^ ) .
The fo rc e  F ^(k^) i s  r e l a t e d  to  th e  d isp lacem en t a t  th e  n^^ 
beam by
F^(ky) = -Z (k y )u (x ,k y )  = -Z u (x ) ,  (5 -2 .2 )
so (5 .2 .1 )  caji be w r i t t e n  a s
OO
u (x )  = G(x ) * f ( x ) - z y ^ G ( x - n ) u ( n ) .  (5 -2 .3 )
n=0
We now in tro d u c e  th e  n o ta t io n
u^.(x) = ( u ( x ) ,  x > 0  
j o  , x < 0
(5 .2 .4 a )
and
u (x ) = jo  , X > 0  (5 .2 .4 b )( x
( u ( x ) ,  X < 0 .
Using t h i s  n o ta t io n  to g e th e r  w ith  th e  d i s c r e te  co n v o lu tio n
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in tro d u ced  in  th e  p re v io u s  c h a p te r ,  (5 * 2 .3 )  red u ces  to
u (x )  » v p (x ) -Z (G O u ^ )(x ) , (5 . 2 . 5 )
where vp(x) = G (x) * f ( x ) .
The rem a in d er o f  t h i s  s e c tio n  i s  devoted  to  th e  fo rm al 
s o lu tio n  o f  (5 . 2 . 5 ) u s in g  th e  d i s c r e t e  co n v o lu tio n  o p e ra to r .
Prom th e  d e f in i t i o n s  ( 5 .2 .4 )  we n o te  t h a t  u (x )  = u ^ (x ) + u _ (x ) ,
so th a t  a t  x = n (5 * 2 .5 ) can he w r i t t e n  
u ^ (n ) + u _ (n )  =vp(n) -Z (G o u ^ ) (n )  
which can he re a rra n g e d  to  g ive
(LDu_j_)(n) + u _ (n ) = v p (u ), ( 5 .2 .6 )
where
L(n) = + ZG (n). ( 5 .2 .7 )
We now assume t h a t  we can d e f in e  L ^(n ) and L (n ) such t h a t ;
L^(n) = 0 , n < 0 ,
h _ (n ) = 0 , n > 0  (5 * 2 .8 )
and
(L_o L ^ )(n )  = L (n ) , f o r  a l l  n . (5 -2 .9 )
We a ls o  assum e t h a t  th e  co rre sp o n d in g  in v e rs e s  M_̂  and M e x i s t  
so th a t
(M +O L^)(n) = (M _D L_)(n) = 6^^ . (5 .2 .1 0 )
We no te  t h a t  th e s e  e q u a tio n s  do n o t  d e f in e  and L u n iq u e ly .
-  1 5 1 -
Applying th e  c o n v o lu tio n  o p e ra to r  M_0 to  ( 5 .2 .6 )  y ie ld s
(Ly.O u ^ ) (n )  + (M_ 0  u _ )(n )  = (M_Dvp)(n). (5 .2 .1 1 )
I f  n > 0  th e n  (M _ o u _ )(n ) = 0 , s in c e
(M ^Q u_)(n) = M (n-m)u (m)
"  m ~ "
and u (m) = 0 f o r  m > 0 , w h ile  M_(n-m) = 0 f o r  m < n .
Hence, f o r  n > 0 ,  (5 .2 .1 1 )  g iv e s
(L ^ D u ^ )(n ) = (M_o vp)(n), n > 0 ,  (5 .2 .1 2 )
w hile f o r  n <  0
(L ^ D u ^ )(n ) = 0 . (5 . 2 . 13 )
(5 .2 . 12 ) and  (5 . 2 . 13 ) can be combined to  g iv e
(L ^ Q u ^ )(n ) = (M_0 vp)^(n), f o r  a l l  n , (5 .2 .1 4 )
where
(M_0 vp) = ((M_o vp)(n), n > 0  
{ 0 , n < 0
F in a l ly ,  a p p l ic a t io n  o f  M^o g iv e s
u ^ (n ) = (M^o (M_o v p )^ )(n ). (5 .2 .1 5 )
We can now s u b s t i t u t e  f o r  u ^ (n ) in  ( 5 .2 .5 )  to  g iv e  th e  fo rm al 
s o lu tio n
u (x )  = vp(x)fZ(G DM^D (M_o vp )^)(x ). (5 . 2 . 16)
Thus th e  problem  h as been  reduced  to  one o f  f in d in g  L ^(n ) and 
L _(n ), from th e  known fu n c tio n  L (n ) and f in d in g  t h e i r  co rre sp o n d in g  
in v e rse s  M^(n) and  M _(n).
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5 .3  THE DISCRETE FOURIER TRANSFORM AND THE WIENER-HOPF TECHNIQUE
As in  s e c t io n  4 ,3  o f  th e  p reced in g  c h a p te r  th e  d i s c r e t e  
F o u r ie r  tra n s fo rm  o f  a  fu n c tio n  F (x ) i s  d e f in e d  by
CO
P (k ) = e “ ” P (n ) ,  ( 5 .3 .1 )
n=-oo
and th e  c o rre sp o n d in g  in v e rs e  i s  
/ .n
F (n ) = 2 ^  /  e“ ^ '™ f(k)dk . (5 -3 .2 )
In  a d d i t io n  to  th e  p r o p e r t ie s  o f  F (k ) d e sc r ib e d  in  s e c t io n  4 .3»
F(k) has th e  fo llo w in g  p ro p e r ty ; i f  a  fu n c tio n  F ^(n ) s a t i s f i e s  
F ^(n ) = 0 f o r  n < 0 ,  th e n  F ^ (k ) , th e  tra n s fo rm  o f  F ^ (n ) , i s  
a n a ly t ic  in  th e  u p p er h a l f  o f  th e  complex k  p la n e ,  Im (k) >  0 , 
s in c e  th e n  F ^(k ) i s  a  sum o f  decay ing  e x p o n e n tia ls .  S im ila r ly ,  
i f  F_(n) = 0 f o r  n > 0 , th e n  F_(k) i s  a n a ly t ic  in  Im (k)<  0 .
The d i s c r e t e  F o u r ie r  tra n s fo rm  o f  ( 5 .2 .6 )  i s
L (k ) .u ^ (k )  + u _ (k ) = d i(k ) ,  (5 .3 -3 )
where u ^ (k )  and u _ (k ) a r e  a n a ly t ic  in  Im (k) > 0  and Im (k )<  0 
r e s p e c t iv e ly .  The e q u a tio n  i s  a  s ta n d a rd  W iener-Hopf e q u a tio n , th e  
s o lu t io n  o f  which i s  d is c u s se d  by Noble (58 ) .  The s o lu t io n  r e q u ir e s  
t h a t  L (k) be  f a c to r iz e d  in to  th e  p ro d u c t o f  two fu n c tio n s  L ^(k) 
and L _ (k ), a n a ly t i c  in  Im (k) > 0  and Im (k) <  0 r e s p e c t iv e ly ,  which 
c le a r ly  co rre sp o n d  to  th e  tra n s fo rm s  o f  L ^(n ) and L (n )  d e f in e d  
by (5 . 2 . 8 ) and ( 5 .2 .9 ) .  Thus, from th e  tra n s fo rm  o f  ( 5 .2 .9 )
L _ (k ).L ^ (k ) = L (k ) . (5 . 3 . 4 )
I f  L (k) i s  a n a ly t i c  and  non-zero  in  some s t r i p  llm(k)|< e c o n ta in in g  
th e  r e a l  a x i s  th e n  we can w r ite
-  153 -
lo g  L (k ) = _ 1 _ l og  L ( t )d t  , (5 . 3 . 5 )
t - k
T
where V i s  a  p o s i t iv e ly  o r ie n te d  c o n to u r c o n ta in e d  w ith in  th e  
s t r i p  and e n c lo s in g  th e  p o in t  t  = k . In  p a r t i c u l a r ,  f o r  ô < £  
we can w r i te
o o - i £
lo g  L (k) = 1 f  lo g L ( t)d t  -  1 f  lo g  L ( t ) d t .  (5»3 .6 )
2n i J  t - k  2TTi J  , t - k
. - 0 0  — C £  - 0 6  A
The f i r s t  te rm  i s  a n a ly t ic  in  lm (k )> 0  and can he i d e n t i f i e d  
w ith  lo g  L ^ (k ) , and th e  second i s  a n a ly t ic  in  Im (k )< 0 and  can 
be i d e n t i f i e d  w ith  lo g  L _ (k ). Hence,
0 0 .^  i  S
lo g  L .(k )  = i  _1_  f  lo g  L ( t )  d t .  ' (5 . 3 . 7 )f  Î2BJ
2TIÎ t - I
We can u se  th e  p e r io d ic i ty  o f  L ( t )  to  w r i te
* ^
lo g  L^(k) = f  lo g  L ( t ) ^  /  1 \d t ,
2ni J .̂  -  • ^ \ t-2n7r-k/
t h a t  i s
lo g  L .( k )  = i  1 f  lo g  L ( t ) c o t / t - k \ d t .  (5 -3 .8 )
Thus we have a  p ro ced u re  f o r  c a lc u la t in g  L ^(k) and  L ^ (k ). We can 
re p la c e  L (k ) in  (5 -3 .3 )  by L _(k)L ^(k) and d iv id e  by l_ ( k )  to  g iv e
I^+(k)u^(k) + u ^ ( k )  = vp(k) . (5 . 3 . 9 )
The r i g h t  hand s id e  can be s p l i t  in to  a  sum o f  fu n c t io n s  a n a ly t ic  
in  th e  u p p e r and low er h a l f  p la n e s . These a r e  g iv e n  by
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7r-*lS
- k \ d t .  (5 . 3 . 10 ).  + J - / "  /  \  c o t  A -k V
U.(k)/i w j  \  L_(k)7 (— )
-TT^t £ '  '
Hence (5*3*9) can  be re a rra n g e d  a s
L ^ (k )u ^ (k ) -  ÏÏ (k )  = P (k ) . (5 . 3 . 11 )
\L _ (k )7 +  u . ( k ) ; _  ^
P(k) i s  d e f in e d  in  th e  s t r i p  - i ô  < Im (k ) < iÔ , and  may be ex tended
by a n a ly t ic  c o n tin u a tio n  to  th e  whole o f  th e  p la n e . P (k ) i s  bounded
in  th e  s t r i p  ( s in c e  i t  i s  p e r io d ic )  and so by L i o u v i l l e 's  theorem
P(k) = c o n s ta n t .  The v a lu e  o f  t h i s  c o n s ta n t can be found by
co n sid e rin g  th e  v a lu e  o f  f  vp(k) \  -  u ^ (k )  a s  k->--ico .
•/
The decom position  o f  vp(k) i s  n o t  un ique and we can r e d e f in e
(vp(k) \  , i f  n e c e s s a ry , by a d d i t io n  o f  a  c o n s ta n t so t h a t  P (k ) = 0.L .(k ) /_
(5 . 3 . 11 ) th e n  g iv e s
V (k )u + ( k )  = / '4 '(k )  \  , 
\  l _ ( k ) /+
th a t  i s
(5 . 3 . 12 )"+ (k )  = 1 . / '4 (k )  \  .
L+(k) I L_(k)^
Also from ( 5 . 3 . H )  we g e t
u _ (k ) = L _ ( k ) / \  . (5 . 3 . 13 )
\  L ( k)  j
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We can now f in d  u (x )  from (5 .3 .1 2 )  by any o f  th r e e  p o s s ib le  
methods.
( i )  We can in v e r t  (5 .3 .1 2 )  to  g iv e  u ^ (n )  and th e n  s u b s t i t u t e  in to
(5 .2 .5 ) .
( i i )  We can ta k e  th e  m od ified  d i s c r e te  F o u r ie r  tra n s fo rm  o f
(5 .2 . 5 ) to  g iv e
u (x ,k )  = v p (x ,k ) -Z G (x ,k )u ^ (0 ,k ) , (5 .3 .1 4 )
where u ^ (0 ,k )  = u ^ (k )  and  i s  g iv en  by (5 .3 .1 2 ) .  I n v e r t in g  g iv e s
71
k )  dk . (5 . 3 . 15 )u (x )  = i »  /*
ZttI
-'-TT
( i i i )  We can  ta k e  th e  o rd inary  F o u r ie r  tra n s fo rm  o f  ( 5 .2 .5 )  to  g iv e  
u (k )  = vp(k) -Z .5 (k )u ^ ( k ) ,  (5 . 3 . I 6 )
which can th e n  be in v e r te d  to  g iv e
u (x ) = 1_ /  jvv(k) -2 S (k )u  (k ) [e " ^ ^ d Jc . (5 .3 .1 ? )
ZttI i
-  Qe
Since vp(k) and G (k) a r e  u s u a l ly  easy  to  f in d ,  we s h a l l  u se  
(5 . 3 . 17) in  th e  seq u e l to  f in d  u (x )  from u ^ (k ) .
Thus, a p p l ic a t io n  o f  th e  d i s c r e te  F o u r ie r  tra n s fo rm  produces 
a  s tan d ard  W iener-Hopf e q u a tio n  f o r  th e  tran sfo rm ed  d isp la ce m e n t.
This eq u a tio n  can be so lv ed  by th e  W iener-Hopf te c h n iq u e  and th e  
so lu tio n  u sed  to  f in d  th e  d isp lacem en t u (x ) .
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5 .4  INCIDENT WAVE EXCITATION
In  t h i s  s e c t io n  we s h a l l  c o n s id e r  th e  p a r t i c u l a r  form  o f  
th e  s o lu t io n  f o r  th e  case  where th e  e x c i t a t io n  ta k e s  th e  form 
o f  a  f r e e  p la n e  wave in  th e  u n s t i f f e n e d  h a l f  o f  th e  p l a t e .  We 
denote  t h i s  in c id e n t  wave by u ^ ( x ,y ) e " ^ ^ ^ ,  where
“  A e x p (ik p (x  cos 6 + y  s in  0 ) ) ,  ( 5 .4 .1 )
where 0 i s  th e  a n g le  betw een th e  x -a x is  and th e  d i r e c t i o n  o f 
p ro p a g a tio n  and  k ^ (w  ) s a t i s f i e s  th e  d is p e r s io n  r e l a t i o n  f o r  th e  
u n s t i f f e n e d  p l a t e .  k ^ ( w ) i s  assum ed to  have a  sm a ll p o s i t iv e  
im aginary  p a r t  induced  by i n t e r n a l  damping in  th e  p l a t e ,  so t h a t  
u ^ (x ,y )  decays w ith  in c re a s in g  x .
T h is  wave im pinges on th e  a r r a y  o f  beams p ro d u c in g  a  r e f l e c te d  
wave, u ® ( x ,y ) , ; in  x < 0  and a  t r a n s m it te d  wave, u ^ ( x ,y ) ,  in  th e  
re g io n  x  > 0 ,  a s  w e ll a s  p roducing  a  s c a t te r e d  sound f i e l d  in  th e  
f l u i d .  We can  w r i te  th e  t r a n s m it te d  wave a s  a  sum o f  in c id e n t  
and s c a t t e r e d  w aves, u ^ (x ,y )  and  u® (x ,y ) r e s p e c t iv e ly ,  where 
u ^ (x ,y )  h a s  th e  same form a s  u ^ ( x ,y ) .
The s c a t t e r e d  f i e l d  u® (x ,y ) i s  produced by th e  fo r c e s  on 
th e  p la te  due t o  th e  beams. H ence, co rre sp o n d in g  to  ( 5 .2 .1 ) ,  
we have
OO
5® (x,k  ) = - 5 ( x ,k  ) 2 (k  ) 2 Z  u ^ (x ,k ^ )  ô ( x - n ) ,  ( 5 .4 .2 )
^ n=0 ^
where the bar denotes an ordinary Fourier transform in the y 
direction. However,
5+(x,ky) = 2TA 6(ky-kp sine ® . (5.4.3)
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80
u®(x»y) = ü® (x,kp s in  6 ^ . ( 5 .4 .4 )
I f  we w r ite
u ° (x ,k p S in  0 )  » u® (x), (5 * ^ .5 )
th en  u® (x ,y ) = u®(x)e^^p^®^^® and ( 5 .4 .2 )  becomes
u®(x) = -Z (G d u ^ ) ( x) .  ( 5 .4 .6 )
R eplacing u ^ (x )  by u ^ (x )  + u®(x) g iv e s
u® (x) = - z (G a u ^ ) (x ) -Z (G a u ® )(x ) .  ( 5 - ^ .7 )
At X = n ,  i f  w e  r e p l a c é  u®(n) b y  u®(n) + ^ .n d  r e a r r a n g e  w e
h a v e
(L o u ® )(n )  + u®(n) = rZ (G Q U ^)(n ), ( 5 .4 .8 )
where L (n ) = 6^^ + ZG(n).
This e q u a tio n  i s  o f  th e  form ( 5 .2 .6 ) ,  w ith  -Z (G o u ^ ) (n )  a s  th e  
known f o r c in g  te rm , and can be so lv ed  u s in g  th e  methods o u t l in e d  
p re v io u s ly  a s  fo llo w s ;
A p p lic a t io n  o f  th e  d i s c r e te  F o u r ie r  tra n s fo rm  g iv e s
L (k ).u ® (k ) + u f ( k )  = -Z G (k )u ^(k ). ( 5 -4 .9 )
However,
u ^ (x )  = A e^^p^°°^^ = A e ^ ^  s a y , where K = k cos 0 , and hence
oo




L (k ) = 1 + ZG(k), 
so t h a t
-  ZG(k) = 1 -  L (k ) . (5 .4 .1 1 )
We can u se  ( 5 .3 .8 )  to  f a c to r i z e  L (k ) in to  L (k )L ^ (k ) , so t h a t  
(5 .4 . 9 ) can  be w r i t te n
+ u ! = (1 -
t h a t  i s
. (5 .4 .1 2 )
<Sw/ ^
L L
To so lv e  t h i s  eq u a tio n  we must s p l i t  u^ in to  th e  sum
r m M  '
However,
S t  = A ,
+ / u t \  . (5 .4 . 13 )
and so by in s p e c t io n
{f)
— +
(5 .4 .1 4 )
and
A ( 1 - 1 ) . (5 .4 . 15)
L (k ) L (-K ){ f )  l_ e l(k + K ) I
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These e x p re s s io n s  can be s u b s t i tu te d  in to  ( 5 .4 .1 2 )  and th e  r e s u l t  
re a rran g ed  t o  g iv e
L (kJ5®(k) + L (k JS ^ (k ) -  A
= A i l  -  1 ) -  u ^ (k )  = P (k ) ,  say .
L _ ( -K )l L (k )  (5 .4 .1 6 )
As k —►-ioo , u ^ (k )  = ^  e ^ ^ u  (n )— 0 and  a l s o  1 — ►O.
n=-««> “  i_e i(k+ K )
P (k) i s  c o n s ta n t  l y  L io u v i l le s  theorem  and so
P (k ) = lim  . P (k ) = 0. 
k
Hence, from  ( 5 .4 .1 6 ) ,  w r i t in g  u ^ (k )  = u ^ (k )  + u ^ (k )  we have
4^(k) = __________A (5 .4 .1 7 )
L_(-K )L^(k)(l-e^^*^'^ ’̂ ^)
and
/^Su (k ) = A \ 1 -  L (k )
-
F in a l ly ,  u s in g  (5 .3 .1 ? )  we have
dk e’’^ ^ ^ ^ ^ (k )S (k )
OA
(5 .4 .1 8 )
(5 .4 . 19 )
k =k s in  0 
y P
and
u® (x ,y ) = u®(x)e^^p^®^^® . (5 .4 .2 0 )
Thus, we f i n d  th e  re sp o n se  o f  th e  p l a t e  to  an  in c id e n t  f t e e  wave.
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We can a ls o  u se  e q u a tio n s  ( 4 ,7 .1 )  and ( 4 .7 .2 )  to  f in d  th e  sound 
p re ssu re  g e n e ra te d  in  th e  f l u i d .
In  g e n e r a l ,  th e  W iener-Hopf s p l i t  g iv en  hy (5 * 3 .1 0 ) w i l l  
n o t have a  s im p le  form  and may re q u ir e  n u m erica l e v a lu a tio n  o f 
th e  i n t e g r a l ,  b u t th e r e  a r e  some o th e r  e x c i t a t io n s ,  such a s  a  
p o in t o r  l i n e  so u rce  a t  th e  o r i g i n ,  which can be d e a l t  w ith  
a n a ly t i c a l ly .
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5 . 5  THE SOLUTION NEGLECTING FLUID -  LOADING
As in  s e c t io n  4 .6  o f  th e  p re c e d in g  c h a p te r ,  th e  problem  
i s  g r e a t ly  s im p l i f ie d  by th e  n e g le c t  o f  th e  f lu id - lo a d in g .  The 
fu n c tio n  L (k ) can be e v a lu a te d  a n a l y t i c a l l y .  In  th e  s im p le s t  
case o f  norm al in c id e n c e  we have k^ = 0 and L (k ) can be  w r i t t e n
as
L(k) = c o s ^  -  A cos k + B____________  , ( 5 .5 .1 )
(cos k -  cos k ) ( c o s  k -  cosh  k )  ̂ P '
where k^ i s  th e  f r e e  p la t e  wavenumber (which h as p o s i t iv e  
im aginary p a r t  f o r  f i n i t e  i n t e r n a l  damping) and A and B a r e  g iv en  
by ( 4 .6 .9 ) .
The n u m era to r may be f a c to r iz e d  to  g iv e
L(k) = (cos k  r  cos k ^ )(c o s  k  -  cos a ^ )  ^
(cos k  -  cos k ) ( c o s  k -  cosh k )
where i s  th e  r o o t  which i s  a lw ays complex and has p o s i t iv e
im aginary p a r t .  The f a c to r i z a t i o n  o f  L (k) in to  L^(k)L (k )  can
be done by in s p e c t io n  to  g iv e
L ^(k) = s i n ^ ^ ^ J  s in  • ( 5 .5 .3 )
Hence,
. ./k + k  \  /  k+ ik  \
\ ( k )  = iAe“  s in  [  ■ ^ ^ /  s i n ( k p ) s i n ( k p ( - ^ )  ) , ( 5 .5 .4 )
2 s in  s in ^ ^ £ |% ^  s in
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where A, in  ( 5 .5 .4 ) ,  i s  th e  am p litu d e  o f  th e  in c id e n t  wave.
We can now e v a lu a te  u®(x) from (5 .4 .1 9 )  u s in g  co n to u r 
in te g r a t io n .
For X > 0 we can c lo se  th e  co n to u r in  th e  lo w er h a l f  p la n e . 
Here th e  in te g ra n d  i s  a n a ly t i c  ex cep t f o r  p o le s  a t  k = -k ^  + 27t , 
k *= -  + 2nn and a t  k = -  k ^ . Hence, by r e s id u e s ,
U^(x) = S i n t e r )  ^
■ '    - I .  I . .  II . 1 .  I V .  n  —  /  .  ,/ 0 _ - k . \  “  Q (-k--2n7r)
L _ ( - k p
iZnn’x
-  A e^ p *  . (5 . 5 . 5 )
Thus, u ^ (x )  = u ^ (x )  + Ae^^p^ i s  a  sum o f  two F lo q u e t waves.
However, alw ays h a s  a  p o s i t iv e  im aginary  p a r t  and so th e  second 
wave decays w ith  x . I f  k ^ ( f i )  i s  r e a l ,  th e n  Q i s  a  freq u en cy  in  
a  pass  band f o r  th e  co rre sp o n d in g  p e r io d ic  s t r u c tu r e s  and  th e  
f i r s t  F lo q u e t wave p ro p a g a te s  to  la rg e  d is ta n c e s .  I f  k ^ ( Q )  has 
an im aginary  p a r t ,  th e n  Q i s  in  a  s to p  band and th e  f i r s t  wave 
a ls o  d ecay s . I t  i s  n o ted  t h a t  t h i s  problem  w ith o u t f lu id - lo a d in g  
can e a s i ly  be so lv ed  by assum ing t h a t  th e  t r a n s m it te d  and 
r e f le c te d  waves must be some com bination  o f  th e  f r e e  modes f o r  
each h a l f  o f  th e  p l a t e  ( t h a t  i s ,  p lan e  harm onic waves in  th e  
u n s t i f f e n e d  h a l f  and F lo q u e t waves in  th e  s t i f f e n e d  h a l f )  ajid
L _(-k p )s in *  ^ ^ ^
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th en  s a t i s f y  th e  boundary c o n d itio n s  a t  x *= 0 (and x =
F in a l ly ,  i t  i s  n o ted  t h a t  u ^ (x ) i s  w e ll behaved n e a r
= k^= n n , s in c e  i f  k^ = n n  + 6  th e n  k^ = n n  + 0 (6 ^ ) and i t
i s  easy  to  show t h a t  th e  f i r s t  term  in  ( 5 .5 .5 )  i s
1
0 ( l ) .  s in  nnx + 0 (6 ^ ) ,  th e  le a d in g  te rm  b e in g  due s o le ly  to  th e  
p o le s  a t  k ^  = -  kp + 0 (6 ^ ) . The rem ain ing  re s id u e  c o n tr ib u t io n s  
a re  0(6^ ) .  Thus a t  k^ *= n n , u ^ (x )  i s  th e  sum o f  o n ly  two re s id u e  
c o n tr ib u tio n s  and  ta k e s  th e  form  o f  a  s ta n d in g  wave, B s in  nnx, 
which h as  nodes a t  th e  beams.
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5 .6  ASYMPTOTIC EVALUATION OF THE PLATE DISPLACEMENT AND 
THE FLUID PRESSURE
r
The c a lc u la t io n  o f  u ^ (x ,y )  from (5 .4 .1 9 )  and (5 .4 .2 0 )  
re q u ire s  th e  n u m erica l e v a lu a tio n  o f  an  i n t e g r a l ,  and th e  
e v a lu a tio n  o f  th e  in te g ra n d  a t  any p o in t  a l s o  r e q u ir e s  th e  
ev a lu a tio n  o f  in t e g r a l s  to  f in d  u ^ (k ) .
In  t h i s  s e c t io n  we s h a l l  o b ta in  th e  le a d in g  term  in  th e  
asym pto tic  expansion  o f  ( 5 .4 .1 9 ) ,  and th e  co rre sp o n d in g  e x p re ss io n  
fo r  th e  f l u i d  p r e s s u r e ,  f o r  la rg e  v a lu e s  o f x and z r e s p e c t iv e ly .  
S u b s t i tu t in g  u ^ (k ) from  ( 5 .4 .1 ? ) ,  (5 .4 .1 9 )  becomes
QO
u ^(x ) = -  ^  , e ~ ^ ^  dk   , (5 . 6 . 1 )
•—oo
where
Q(k) = 1/G (k ) .  (5 . 6 . 2 )
The term  L .(k )( l-e ^ (k + K )^  h a s  ze ro s  a t  th e  F lo q u e t wavenumbers 
in  th e  low er h a l f  p la n e , s in c e  L^(k) = L (k)/fT  (k ) and L (k ) 
i s  w e ll behaved and n o n -ze ro  in  th e  low er h a l f  p la n e . We deno te  
th e se  zero s  by k = -  k^ + 2nn , n=0, -  1 , -  2 , . . .  However, th e
term (k) (l-e^(k+K)  ̂ w ell behaved (non-zero) a t  k = -K + 2nn.
Q(k) has zeros in  the upper and lower h a lf  p lan es, a t  k = -  K 
resp ectiv e ly , near to  the r e a l a x is . In a d d ition , both L^(k) 
and Q(k) have branch cuts and complex zeros, the zeros and 
branch cuts o f L^(k) being confined to  the lower h a lf  plane.
For large values o f x we can c lo se  the contour in  the lower 
h a lf plane and use the Riemann-Lebesgue lemma, as in  chapter 4 ,  
to show that the major contribution to  the in teg ra l comes from
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( l_ ^ i ( K - k P )  ^
2)k k=-kj





(5 .6 .3 )
The second te rm  in  th e  r i g h t  hand s id e  red u ces  to  -A e ^ ^ ( =  -  u ^ ( x ) ) ,  
and so f o r  x » 0 .
u ^ (x ) =  iA Z e ^ f^  e ^ ^ ^ /Q ( -k ^ -2 lT n ) ,
n (5 .6 .4 )
L (-K ) (1 -e^  (k -k ^ )  ) ^  1̂ +
^  k=-k.
The sum te rm  r e p r e s e n ts  a  fu n c tio n  p e r io d ic  in  x ; th u s ,  u ^ (x )
g iven  by ( 5 .6 .4 )  i s  a  F lo q u e t wave. As in  c h a p te r  4  we can show 
t h a t  a s  k^  ap p ro ach es  N it th e  re s id u e  te rm s  a l l  te n d  to  zero  
excep t f o r  th e  two c o rre sp o n d in g  to  k^ — -  K. Hence, by 
symmetry, th e  s o lu t io n  f o r  u ^ (x )  when k^ = N tt i s  a  s ta n d in g  wave 
in  th e  x d i r e c t io n  w ith  nodes a t  th e  beaja p o s i t io n s .
At X = n we can e v a lu a te  th e  i n f i n i t e  sum, s in c e
L (-k  ) = 1 + Z E  1 = 0 , (5 .6 .5 )
” Q (-k^-2mr)
and hence
u ^ (n )  = -  i A e ^ f ^
L_ (-K ) (1 -e^
(5.6.6)
è k k=-k^
— l6 6  —
I f  has a  n o n -ze ro  im aginary  p a r t  th e n  u ^ (x )  g iv en  by (5 * 6 .4 ) 
te n d s  to  z e ro  a s  x in c r e a s e s ,  showing t h a t  th e  F loquet wave 
does n o t p ro p a g a te  en ergy . In  t h i s  case  th e  main c o n tr ib u t io n  to  
th e  i n t e g r a l  in  (5 * 6 .1 ) w i l l  come from in te g r a t io n  around  th e  
branch  c u ts  in  th e  low er h a l f  p la n e . Thus, when k^ h as an  
im aginary p a r t ,  energy  can on ly  reach  th e  p l a t e  a t  x » 0  th rough  
th e  f l u i d ,  b u t energy  in  th e  f l u i d  i s  s u b je c t  to  c y l in d r i c a l  
sp read ing  and  so u ^ (x ) i s  p ro p o r t io n a l  to  x ^  f o r  la rg e  x ,  and 
can be found by th e  method o f s ta t io n a r y  p h ase .
For la r g e  n e g a tiv e  v a lu e s  o f  x we can e v a lu a te  (5 * 6 .1 ) by 
c lo s in g  th e  c o n to u r  in  th e  upper h a l f  p la n e ,  w here, by d e f in i t i o n ,  
u ^ (k ) i s  a n a l y t i c .  We can a g a in  u se  th e  Riemann-Lebesgue lemma 
to  show t h a t  th e  main c o n tr ib u t io n  to  th e  i n t e g r a l  i s  from  th e  p o le  
in  th e  u p p e r h a l f  p lan e  a t  Q(k) = 0 n e a r  to  th e  r e a l  a x i s ,  t h a t  i s ,  
a t  k = K. H ence, f o r  x « 0 ,
u ° fx )  =  -  AZe"^*^_______________  . (5 .6 .7 )
L (K) L _(-K )(l-e^ ^ '^ ) à ft(k )
Ôk k=K
Thus, the r e f le c te d  wave i s  o f the same form as the in cid en t wave 
but with m odified amplitude and x-component tr a v e llin g  in  the 
opposite d ire c tio n .
The f lu id  displacement p o ten tia l <|)(x,z) i s  given by
4)(x ,z) = ^  f  dk e“’^^e^^z’̂ u*(k) , (5 .6 .8 )
ZnJ
kj, Q(k)
where <()(x,z) = <|)(x,k^ = k ^ s in  0 , z ) .  The unnorm alized  f l u i d  
p re s su re  p ( x ,y ,z )  i s  r e l a t e d  to  th e  d isp lacem en t p o t e n t i a l  by
— l6?  —
P ( x ,y ,z )  = -  p Q * ( x , z)e^(kpYSin 8 -  w t ) (3 .6 .9 )
The asy m p to tic  e v a lu a tio n  o f  ( 5 .6 .8 ) ,  f o r  la rg e  v a lu e s  o f  z ,  i s  
f a c i l i t a t e d  by th e  s u b s t i t u t io n s
x = R s in |i  c o s 6 , y = R s in p  s in  8 , z = R cos p , 
kp s in 8 /k ^  s in p  and  k = k^ s in  a  co sp  ,
where R = (x^ + y^ + z ^ )^ .
With th e se  s u b s t i t u t io n s  k^ = k ^ c o sa  cos p and ( 5 .6 .8 )  becomes
d a  u ^ (k  s i n a  cos p)e"^^o^°°® ^
(5 .6 . 10)
where
g ( a ,p ,0 )  = s in  a  s in p  cos 8 -  cos a  cos p . (5 .6 .1 1 )
The c o n to u r in  th e  complex a -p la n e  i s  shown in  f ig u r e  5 .1 .  For 
la rg e  v a lu e s  o f  k^R, (5 .6 .1 0 )  can be e v a lu a te d  a sy m p to tic a l ly  
by th e  method o f  s te e p e s t  d e s c e n ts . The sad d le  p o in t  o f  th e  
fu n c tio n  g ( a ,p ,8 )  s a t i s f i e s
à g / ô a  = 0 ,
a  =  Q
o
which g iv e s
= -  t a n " ^ ( ta n p  cos 8 ) , (5 .6 .1 2 )
and th e  o r i g i n a l  p a th  o f  in te g r a t io n  can be deform ed to  th e  
s te e p e s t  d e sc e n t p a th ,  shown in  f ig u r e  5 .1 ,  which i s  g iv en  by
R ejcos p g ( a , p , ^ |  = R e |cos p g ( a ^ ,p ,8 )  j  = c o n s ta n t ,  
to g e th e r  w ith
-  l6 8  -
a .
-  TT n  + a
F ig u re  The o r ig i n a l  c o n to u r , (a )  and s te e p e s t
d e sc e n ts  c o n to u r (b ) in  th e  complex a -p la n e
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I m i c o s p ^  (a,(i ,e)|  < 0. (5.6 .13)
Account must be ta k en  o f  any p o le s  in  th e  in te g ra n d  which l i e  
between th e  two c o n to u rs . Any p o le s  which do n o t l i e  on th e  r e a l  
a x is  o f  th e  complex a -p la n e  g iv e  r i s e  to  e x p o n e n tia lly  decaying  
term s which can be n e g le c te d . I f  a  i s  r e a l ,  th e n  k i s  e i t h e r  
complex, (when p i s  com plex, and hence k^ i s  com plex), o r  k i s  r e a l  
and I k K k ^ .  T hus, th e  on ly  z e ro s  o f  L^(k) which cou ld  g iv e  r i s e
to  non-decay ing  re s id u e  te rm s a r e  r e a l  z e r o s ,  s a t i s f y in g  |k | < k ^ , 
and th e se  can o n ly  occu r when k^ = Nir. However, i t  has been shown 
in  s e c t io n  4 .7  and s e c t io n  5*5 t h a t  th e  re s id u e  c o n tr ib u t io n s  
from such z e ro s  a re  i d e n t i c a l l y  z e ro , s in c e  th e  F lo q u e t wave 
i s  a  s ta n d in g  wave formed by th e  s u p e rp o s i t io n  o f  two a c o u s t ic a l ly  
slow p la n e  waves. In  c o n c lu s io n  th e n , f o r  la rg e  R, th e  re s id u e  
term s can be n e g le c te d  s in c e  th e y  a re  e x p o n e n tia lly  s m a ll, and 
th e  i n t e g r a l  in  (5 .6 .1 0 )  can be approx im ated  by th e  i n te g r a l  a lo n g  
th e  s te e p e s t  d e sc e n ts  c o n to u r . A pproxim ating th e  in te g ra n d  by 
i t s  v a lu e  a t  th e  sad d le  p o in t  and expanding g ( a ,p ,ë )  in  a  T ay lo r 
s e r ie s  ab o u t th e  sad d le  p o in t  g iv e s
4>(R,Ji , 0) -  iZ e” ^^o^°°®P^o. u ^ (k ^ s in a ^ c o s  p ) .
Q (k^sin  c^cos p ) \2nH k^cos p /
(5 .6 .1 4 )
where g^ = g ( a ,P ,8 )
Q = -tan  ( ta n (i cosB)
and
cos p =» ( l-k ^  sin^G ) ^ ,
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We no te  t h a t  co s^  may he com plex. I f  t h i s  i s  th e  case  th e n
g iv en  by ( 5 .6 .1 4 ) ,  decays e x p o n e n tia l ly  w ith  R and th e re  
i s  no r a d ia t io n  to  th e  f l u i d  f a r f i e l d .  F o r la rg e  enough R, we 
can use th e  s te e p e s t  d e sc e n ts  ap p ro x im atio n  (5 .6 .1 4 )  to  compute 
th e  f a r f i e l d  f l u i d  p re s s u re  and we can u se  th e  re s id u e  
approx im ations ( 5 .6 .4 )  and (5 . 6 . 7 ) to  compute th e  p la te  
d isp lacem en t f o r  x » 0  and x «  0 r e s p e c t iv e ly .
I f  one were i n te r e s t e d  in  com puta tions a t  f i n i t e  f ix e d  R 
(R " la rg e ” ) ,  th e n  th e  p o le  c o n tr ib u t io n s  from p o le s  w ith  sm all 
im aginary p a r t s  may be s i g n i f i c a n t ,  b o th  in  th e  c a lc u la t io n s  o f 
p re ssu re  and  d isp la ce m e n t. In  th e  rem ain d er o f  t h i s  c h a p te r ,  
however, R i s  c o n s id e re d  to  be la rg e  enough t h a t  any e x p o n e n tia lly  
decaying te rm s can be ig n o re d .
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5 .7  COMPUTATION
The com putation  o f  L ^(k) from (5 .3 * 8 ) r e q u ir e s  t h a t  L (k)
be a n a ly t ic  and non -zero  in  some s t r i p  c o n ta in in g  th e  r e a l  a x i s .  
Thus, i t  would a p p ea r t h a t  we must in c lu d e  some f i n i t e  i n t e r n a l  
damping (by assum ing t h a t  th e  p la te  bend ing  s t i f f n e s s  D i s  
complex) in  th e  c a lc u la t io n s .  However, we can d e a l w ith  th e  p o le s  
and ze ro s  o f  L (k ) n e a r  to  th e  r e a l  a x i s  e x p l i c i t l y  by w r i t in g
L (k) = J ( k )  /  cos k -  cos k « \  (5 .7 * 1 )( ^cos k -  cos K /
where k^ and K a r e  z e ro s  and p o le s  r e s p e c t iv e ly  o f  L (k) in  th e  
upper h a l f  p la n e . F u r th e r ,  we can u se  th e  P le m e lj-P r iv a lo v  
form ula (M u sk h e lish v ili ( 5 3 ) ) ,  to  w r ite
F+(k) = |F ( k )  i  ^  P . V . y  F ( t ) c o t ( t= k )  d t ,  ( 5 .7 .2 )
where P.V. d en o tes  th e  Cauchy P r in c ip a l  V alue, and 
F (k ) = F+(k) + F _ (k ).
Hence,
lo g  J  (k ) = -|log  J ( k )  + 1 P .V . /  lo g  J ( ù ) c o t / t - k \ d t .
-  ~ i m  I  '  2 '  (5 . 7 .
•'-7T
j ( k )  has b ran ch  p o in ts  n e a r  to  th e  r e a l  a x is  a t
k = + (k^ -  Ry)^ -  2nF, b u t (5*7*3) i s  v a l id  even a s  we l e t  th e
in te rn a l  damping te n d  to  zero  p ro v id ed  k ^ (k ) i s  chosen to  have
a  n o n -n eg a tiv e  im aginary  p a r t .
The te rm  /  cos k -  cos k A  may be f a c to r iz e d  by in s p e c tio n  
y co s  k -  CO S K J
3)
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and 80
k + k
l+ (k ) = J+(k) Bin ( ~ ) , (5 .7 .4 )
/k  + K % 
sin  ( —5— /2
where J ^ ( k )  i s  found from  (5 .7 * 3 ) .
Having c a lc u la te d  J ^ ( k ) ,  we can f in d  sim ply  by
d i f f e r e n t i a t i n g  (5 .7 * 4 ) , g iv in g
“  J + ( -k ^ )  . ( 5 .7 .5 )
à k k=-k^ 2 s in
The c a lc u la t io n  o f  L (k ) and k^ h as  a lr e a d y  been d isc u sse d  in  
s e c tio n  4 .8 .
The p r in c ip a l  v a lu e  i n t e g r a l  i s  c a lc u la te d  a s  fo llo w s .
Consider
I  = P.V. j F ( t )  c o t  ̂ t - k  J d t  lim  j  /F ( t ) c o t   ̂ t - k  j* d t
• '-1 T  ^ ^  ̂ •'-T T  ^
+ f F ( t )  c o t  / t - k 4  d t  > . (5*7*6)
A + c  '  2  ̂ )
S u b s t i tu t in g  h = k - t  and  h = t - k  in  th e  f i r s t  and second in te g r a l s  
r e s p e c t iv e ly  g iv e s
V - t k  7T-k
I  = lim  I  -  ^ y ^ (k -h )  c o t  (h /2 )  dh + ^ ^ F (k + h )  c o t  (h /2 )  dh |
TT -  Jk I
= lim  J  |F (k + h ) -  F (k -h ) J  c o t (h /2 )  dh
^TT^Ik/
-  sg n (k ) I  F (k -h  s g n (k ))  c o t (h /2 )  dh , (5*7*7)
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where sg n (k )  = k / | k | .
The in te g ra n d  in  th e  f i r s t  i n t e g r a l  i s  w e ll  behaved and 
can be u sed  f o r  n u m erica l c a l c u l a t i o n s .
For th e  c a lc u la t io n  o f  r e s u l t s  in  th e  n e x t s e c t io n ,  S im pson 's  
ru le  has been  used  to  e v a lu a te  (5 .7 * 7 ) &nd th e  r e a l  and complex 
p a r ts  o f  th e  in t e g r a l  have been  c a lc u la te d  s e p a r a te ly .
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5 .8  RESULTS
As an exam ple, r e s u l t s  have been c a lc u la te d  f o r  th e  
fo llo w in g  d im e n s io n le ss  c o n s ta n ts ,  (d e fin e d  in  c h a p te r  4 ) ,
 ̂ A  1 .8 4 6 ,
S 1= B_ \ =  0 .0 0 4 7 7 , / =  D \  = 0.004413. ( 5 .8 .1 )
\  / V Mdo2 /
Any p a r t i c u l a r  system  i s  d e f in e d  by knowledge o f  beam sp ac in g
to g e th e r  w ith  th e  mass p e r  u n i t  le n g th  and th e  bending s t i f f n e s s
o f  th e  beams. For exam ple, i f  d = 0.6m, M = 195kg.m”^ and 
3 2B = 8 .12kg. m . s  th e n  0 = 1  co rresponds to  a  freq u en cy  o f  
885.5  Hz. The range  o f  v a lu e s  u sed  in  c h a p te rs  3 and 4  was 
chosen so t h a t  th e  freq u en cy  range c o n s id e red  c o n ta in ed  a 
number o f  p a ss  and s to p  bands. In  o rd e r to  dem o n stra te  a l l  o f  
th e  im p o rtan t f e a tu r e s  how ever, i t  s u f f ic e s  t o  choose a  
frequency range t h a t  c o n ta in s  a  p a ss  and s to p  band to g e th e r  
w ith  a c o u s t ic a l ly  damped pseu d o -p ass  and s to p  bands. The s o l id  
curves in  f ig u r e s  5 .2 a ,b  show r e s p e c t iv e ly ,  th e  r e a l  and 
im aginary p a r t s  o f  th e  F lo q u e t wavenumber k ^ , a s  a  fu n c tio n  o f 
th e  no rm alized  f re q u e n c y , O . The two s o l id  l i n e s  in  f ig u r e  5.2â 
a re  i  k ^ , th e  a c o u s t ic  wavenumber, and th e  dashed  cu rves 
a re  k^ and k^ -  2tt. As d e sc r ib e d  b e fo re , f r e q u e n c ie s  f o r  which 
th e  im aginary  p a r t  o f  k^ i s  zero  co rrespond  to  p a ss  ban d s, 
and i f  -  k ^ <  Re(k^^) <  k^ th e n  th e  F loquet wave i s  a c o u s t ic a l ly  
damped and decays e x p o n e n tia l ly . The v a r io u s  freq u en cy  bands 
a re  shown in  th e  f i g u r e .  At h ig h e r  f r e q u e n c ie s  th e  F lo q u e t 
wave i s  alw ays a c o u s t i c a l l y  damped.
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F ig u re  5*2. The F lo q u e t wavenumber, k ^ , a g a in s t  freq u en cy ,
( a ) .
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For th e  in c id e n t  wave e x c i t a t io n  c o n s id e re d  h e re , we can 
d efin e  r e f l e c t i o n  and tra n sm is s io n  c o e f f i c i e n t s  ly  | | / A  and
I / a , r e s p e c t iv e ly ,  where A i s  th e  am p litu d e  o f  th e
s tin c id e n t wave and  u  , u^ a re  th e  d isp la ce m e n ts  a t  la rg e  
n eg a tiv e  x and la r g e  p o s i t iv e  x . The s o l id  curve  in  f ig u r e  
5 .3  shows th e  tra n s m is s io n  c o e f f ic ie n t  and  th e  broken c u rv e , 
th e  r e f l e c t io n  c o e f f i c i e n t ,  a g a in  a s  a  fu n c tio n  o f  th e  
frequency , f o r  an  in c id e n t  wave t r a v e l l i n g  a lo n g  th e  norm al 
to  th e  beams. At low fre q u e n c ie s  th e  s t r u c tu r e  i s  dom inated by 
th e  f lu id  lo a d in g  and th e  r e l a t i v e  e f f e c t  o f  th e  s t i f f e n in g  
beams i s  sm a ll. T hus, th e  s t r u c tu r e  a p p e a rs  a lm o st homogeneous. 
The tra n sm is s io n  c o e f f i c i e n t  in  f ig u r e  5*3 te n d s  to  1 and th e  
r e f le c t io n  c o e f f i c i e n t  to  z e ro , a s  th e y  sh o u ld  do . The 
d isp lacem en ts  in  th e  s t i f f e n e d  h a l f  o f  th e  p la t e  have been 
c a lc u la te d  a t  a  beam p o s i t io n ,  th u s  we have a  maximum o f  th e  
tra n sm iss io n  c o e f f i c i e n t  a t  th e  end o f  th e  f i r s t  p a ss  band , 
which i s  a t  a  freq u en cy  co rresp o n d in g  to  th e  re so n a n t frequency  
o f  a  s in g le  "e lem en t"  o f  th e  s t r u c tu r e  w ith  f r e e  ends. The 
tra n sm iss io n  c o e f f i c i e n t  i s  l a r g e r  th a n  u n i ty  b u t we have 
only c a lc u la te d  th e  d isp lacem en t a t  a  s in g le  p o in t .  I f  th e  
c o e f f ic ie n ts  were d e f in e d  in  term s o f  th e  energy  in  an "elem ent" 
we would ex p ec t them to  be l e s s  th a n  u n i t y ,  b u t w ith  th e  
d e f in i t io n s  u sed  h e re  th e r e  i s  no p h y s ic a l  c o n t r a d ic t io n ,  
indeed , f o r  th e  problem  w ith o u t f lu id - lo a d in g ,  a n a ly t ic  
r e s u l t s  show th e  same phenomenon.
At th e  s t a r t  o f  th e  second p a ss  band th e  tra n s m is s io n  
c o e f f ic ie n t  i s  z e r o ,  a s  i t  shou ld  b e , s in c e  th e  F lo q u e t wave i s  
p re d ic te d  to  have nodes a t  th e  beajn p o s i t io n s  when k^ = nn. 
O utside o f  th e  p a ss  bands th e  tra n s m is s io n  c o e f f i c i e n t  i s





F ig u re  5*3• The tra n s m is s io n ,  (------------) and r e f l e c t i o n ,
(----------- ) c o e f f i c i e n t s  a g a in s t  freq u en cy .
f o r  a  n o rm a lly  in c id e n t  p lan e  wave.
-  Iy8  -
zero  (a s y m p to tic a lly  f o r  la rg e  x ) .
In  th e  s to p  hands th e  s t i f f e n e d  p la te  i s  h a rd  to  e x c i te  
and th e  r e f l e c t i o n  c o e f f ic ie n t  i s  a lm o st u n i ty  s in c e  th e  
reg io n  x > 0  w i l l  n o t a llo w  energy  p ro p a g a tio n  to  la rg e  x .
Above th e  freq u en cy  a t  which th e  F lo q u e t wave i s
a c o u s t ic a l ly  damped. I n i t i a l l y ,  th e  im aginary  p a r t  o f  k^  i s  
sm all and th e  F lo q u e t wave may be slow ly  decay ing  w ith  x ; th u s  
c a lc u la t io n s  f o r  x la rg e  b u t n o t i n f i n i t e ,  would n o t c o n ta in  
a  s h a rp " c u t-o f f"  freq u e n cy , a t  which th e  tra n s m is s io n  
c o e f f ic ie n t  becomes z e ro . As we approach  th e  freq u en cy  f o r  
which kp -  2 t t =  0 , t h a t  i s  th e  extrem e r ig h t  o f  th e  f i g u r e ,  
th e  r e f l e c t i o n  c o e f f ic ie n t  ap p ro ach es  u n i ty  a s  i t  must do to  
produce th e  p re d ic te d  s ta n d in g  wave. At h ig h e r  f re q u e n c ie s  th e  
tra n sm iss io n  c o e f f i c i e n t  i s  a lw ays zeiro, w h ile  i t  i s  ex p ec ted  
th a t  th e  r e f l e c t i o n  c o e f f i c i e n t  w i l l  peak to  u n i ty  a t  f re q u e n c ie s  
f o r  which k^ = n n , a lth o u g h  c a lc u la t io n s  have n o t been made.
The f a r f i e l d  f l u i d  p re s s u re  i s  shown in  f ig u r e  5 .4 .  The 
v e r t i c a l  s c a le  i s  2 0  log(R^ | <j) ( R , | i , 0 ) | / a ) , o r ,  in  te rm s o f  
th e  unnorm alized  p re s s u re ,  p ' , 2 0 1 o g | R ^ p ' / ( A j  .
The p lo ts  show th e  p re s su re  a t  a  p o in t  d i r e c t l y  above th e  o r ig in  
and a t  p o in ts  co rre sp o n d in g  to  p = -  4 5 ° , produced by a  wave, 
am plitude A, in c id e n t  a lo n g  th e  norm al to  th e  beams. A ll  th re e  
p lo ts  show a  lo c a l  maximum a t  th e  end o f  th e  f i r s t  p a ss  band , 
when th e  d isp lacem en t a t  th e  beams i s  l a r g e s t ,  and a  sh arp  
minimum a t  th e  end o f  th e  f i r s t  s to p  band , where th e  d isp la c e m e n t, 
a sy m p to tic a lly  a t  l e a s t ,  i s  a  s u p e rp o s i t io n  o f  two a c o u s t i c a l ly  
slow p lan e  waves. The p lo t  f o r  |i = -4 5 °  shows a  peak a t  
0  = 0 . 72 . At t h i s  freq u en cy  R e(k^) — s i n ( -4 5 ° )k ^ . T ha t i s ,  th e











F ig u re  5*4. The f a r f i e l d  d isp lacem en t p o te n t i a l  a g a in s t  
freq u en cy  due to  an in c id e n t  wave.
-------------- U = -  ^5
\i = 45
— l80 —
Floquet wave in the stiffened half of the plate is acoustically 
fast, and therefore damped, and has a wavelength equal to 
the trace wavelength of an acoustic wave in the fluid 
travelling at an angle of -4 5 °  to the plate normal. The 
maximum in the plot for 0° is at a frequency for which 
= sinji= 0 where as defined in chapter 4 ,  is the 
Floquet wavenumber calculated by neglecting the acoustic 
damping.
Figure 5*5 shows the radiated pressure as a function of p , 
the angle from the plate normal, for five different frequencies.
Again the results are for a normally incident wave, and the
—  ?vertical scale is 201og(R̂  Q <|> (R, î,0)/A). The lowest plot 
is for a normalized frequency of 0.108, which is in the first 
pass band, and the next is for a frequency of 0.200, which 
is in the first stop band. Both plots are almost symmetrical 
about ^1=0. The plot for = .5^1, which is in the second 
pass band, shows a maximum at negative ji. The Floquet wave 
is s t il l  "acoustically slow", in that it  is a superposition 
of acoustically slow plane waves, but for negative angles, near 
to | i  = -90°, k̂  is near to k^sin ̂  . For the remaining two plots 
the Floquet wave is acoustically fast, that is | Re(k^)|<k^ 
and the plots show peaks at Re(k̂ ) — k^sinji . As the 
frequency increases the peak moves to the right. If more 
than one of the plane wave components of the Floquet wave is 
acoustically fast then there will be more than one peak; the 
peaks will occur at angles \i for which Re(k -̂2nn) k^sin |i .








ANGLE FROM PLATE NORMAL, \i
Figure 5 . 5 * The f a r f i e l d  p re s s u re  a g a in s t  ^ , th e  a n g le  
from th e  p la te  norm al.
— l8 2  —
The F lo q u e t wavenumber k „  i s  a  fu n c tio n  o f  k = k  s in  0 .f  y  P
For a  f ix e d  freq u en cy  k^ i s  c o n s ta n t and k^ i s  a  fu n c tio n  o f  
0 , th e  ang le  betw een th e  norm al to  th e  beams and  th e  d i r e c t io n  
o f  p ro p ag a tio n  o f  th e  in c id e n t  wave. F ig u res  5*6 a ,b  show th e  
dependence o f  k^  upon 0 f o r  a  freq u en cy  O  = 0 .0 6 8 , A lso shown 
in  f ig u re  ^ .6 a  i s  th e  a c o u s t ic  wavenumber k^ and  K = k^cos 0 , 
th e  x-component o f  th e  wavenumber in  th e  u n s t i f f e n e d  p l a t e .  The 
p lo ts  show t h a t  we have p a ss  and s to p  bands dependent upon 0 , 
t h a t  i s , a t  some a n g le s  th e  in c id e n t  wave w i l l  e x c i te  a  non­
decaying F lo q u e t wave in  th e  s t i f f e n e d  h a l f  o f  th e  p la te  w h ile  a t  
o th e r  an g le s  th e  F lo q u e t wave w i l l  be e x p o n e n tia lly  decay ing  in  
th e  x -d i r e c t io n .
The co rre sp o n d in g  r e f l e c t i o n  and tra n s m is s io n  c o e f f i c i e n t s
a re  shown in  f ig u r e  5*7» The r e f l e c t i o n  c o e f f i c i e n t  i s  shown by th e
dashed cu rv e . I t  i s  s m a l le s t  when th e  x-com ponents o f  th e  F lo q u e t
wavenumber and th e  in c id e n t  wavenumber a re  e q u a l ,  t h a t  i s ,  when
k^ = K. Throughout th e  s to p  band th e r e  i s  a lm o s t t o t a l  r e f l e c t i o n
sin ce  th e  s t i f f e n e d  h a l f  o f  th e  p l a t e  i s  h a rd  t o  e x c i t e .  The
tra n sm iss io n  c o e f f i c i e n t  i s  shown by th e  s o l id  cu rv e . I t  i s  zero
throughout th e  s to p  band and i s  sm a ll a t  h ig h  a n g le s  o f  in c id e n c e .
At about 19° ,  where k^ = K, th e  tra n s m is s io n  c o e f f i c i e n t  shows a
sharp  drop which i s  p receded  by a  sh arp  peak . As b e fo re  th e
tra n sm iss io n  i s  c a lc u la te d  a t  a  beam p o s i t io n  a t  la rg e  x . The
xlc Vsinfly-dependence o f  th e  c o e f f i c i e n t s  i s  e p and so th e  m odulus,
a s  shown in  th e  f i g u r e s ,  i s  in d ep en d en t o f  y . C le a r ly , th e  resp o n se  
f o r  0 < 0 can be found by symmetry. The p lo t  o f  t ra n s m is s io n  
c o e f f ic ie n ts  b e a r s  some resem blance to  th e  a n g u la r  p lo t s  g iv e n  in  
c h ap te r  3» A lthough f o r  p o in t  e x c i t a t i o n ,  th e  a sy m p to tic  method 
used  in  c h a p te r  3 i s  e q u iv a le n t to  lo o k in g  a t  a  p lan e  wave t r a v e l l i n g
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in  th e  a p p ro p r ia te  d i r e c t io n .  H ence, i t  i s  ex p ec ted  t h a t  th e  in c id e n t  
wave e x c i t a t io n  o f  a  p la te  w ith  a  s e m i - in f in i t e  a r r a y  o f  beams i s  
a  l im it in g  case  o f  th e  same e x c i t a t io n  when on ly  a  f i n i t e  number 
o f  eq u a lly  spaced  beams a re  p r e s e n t .
F in a l ly ,  i t  i s  n o ted  t h a t  ex cep t a t  v e ry  sm all a n g le s  o f  
in c id e n c e , k ^ s in  0 > k ^ . Hence, th e  im aginary  p a r t  o f  k^ i s  non-zero  
and th e  r e s u l t i n g  s c a t te r e d  f i e l d  in  th e  f l u i d  i s  e x p o n e n tia lly  
decaying w ith  d is ta n c e .
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(a )
g
g  TT/2- K = k COS 6







F ig u re  5 -6 . The r e a l  and im aginary  p a r t s  o f  th e  F loquet
wavenumber a g a in s t  0 ,  th e  a n g le  o f  in c id en ce  
from th e  norm al to  th e  beams f o r  a  frequency  
11= 0 . 068.
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F igure  3 .? .  The tra n s m is s io n  (- -) and r e f l e c t i o n  (---------
c o e f f i c i e n t s  a g a in s t  0 , th e  an g le  o f  in c id en ce  
ftom  th e  norm al to  th e  beams f o r  a  frequency  
= 0 . 068.
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5 . 9  EXTENSIONS
We can ex ten d  th e  methods o f  t h i s  c h a p te r  to  o b ta in  th e
response o f  a  p e r io d ic a l ly  s t i f f e n e d  p la te  w ith  a d d i t io n a l
s t i f f e n e r s  on one h a l f  o f  th e  p l a t e .  C onsider a  p la te  w ith
s t i f f e n e r s  o f  impedance a t ta c h e d  a t  x = n ,  f o r  a l l  n and w ith
a d d i t io n a l  s t i f f  e n e rs  a t  x = n p , n > 0 ,  p b e in g  a  f ix e d  in te g e r .
As in  c h a p te r  4  we can f in d  th e  G re e n 's  fu n c t io n , )»
f o r  th e  p e r io d ic a l ly  s t i f f e n e d  p l a t e .  I t  i s  g iv en  by
Gg(n,m) = Gg(n-m) = 1 _ /* dk , (5 -9 .1 )
l4-Z]G(k)
where G(k) i s  th e  d i s c r e t e  tra n s fo rm  o f  th e  G re e n 's  fu n c tio n  f o r  
th e  u n s t i f f e n e d  p l a t e .
The d isp lacem en t u (n p ) s a t i s f i e s
+ u_(np) = -ZgCGgO _'U^)(np) +vp(np), (5 -9 .2 )
where
06
vp(np) = (GgOp f ) ( n p )  = Z )  G g(np-m p)f(m p). (5 .9 -3 )
m=
We d e fin e  th e  d i s c r e t e  F o u r ie r  tra n s fo rm  by
u ^ (k ) = Z  e ^ ^ ^ u ( n p )  (5 -9 .4 )
n—T- «•>
and n o te  t h a t
u ^ (k ) = 1 Z  u (0 ,k -2 n n ) . (5 -9 -5 )
p n=0 p
T ransform ing (5 -9 -2 )  g iv e s
u ^ (k ) + u]^(k) = -"Z ^G ^(k )^ (k ) + * ^ ( k ) ,  (5 -9 -6 )
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t h a t  i s
I ? ( k )  u ^ (k )  + uP (k ) = v[»P(k), (5 . 9 . 7 )
where
î?(k) = 1 + ZgĜCk)-
We know t h a t  G (k) = G ( k ) / ( l  + Z^G(k)) and so we can u se  (5 .9 * 5 ) 
to  f in d  G g(k). É quation  ( 5 .9 .7 )  i s  a  s ta n d a rd  W iener-H opf e q u a tio n  
and can be so lv ed  by th e  methods a lre a d y  d is c u s se d  in  t h i s  c h a p te r ;  
we w rite
T ? (k )  = T ^ (k ) I ? ( k )
and
F ( k ) / L _ ( k )  = P®(k) + F ( k ) ,  (5 . 9 . 8 )
where th e  s u b s c r ip ts  + , -  deno te  fu n c tio n s  a n a ly t i c  in  th e  upper 
o r  low er h a l f  p la n e s  r e s p e c t iv e ly .  (5 .9 * 7 ) can th e n  be re a rra n g e d  
to  g ive
% ( k )  u ^ (k )  -  P®(k) = î ^ ( k )  -  u ^ (k )  = P (k ) .  ( 5 .9 .9 )
As b e fo re , th e  l e f t  hand s id e  o f  th e  eq u a tio n  i s  bounded in  some 
s t r i p  c o n ta in in g  th e  r e a l  a x i s  and so by L i o u v i l l e 's  theorem  
P (k) = G, a  c o n s ta n t and  we can choose f^ ( k )  so t h a t  G = 0.
Hence,
u ^ (k ) = F ^ (k ) /L ^ (k ) . (5 . 9 . 10 )
The d isp lacem en t a t  any p o s i t io n  i s
u (x ) =vp(x) -  Z ^ (G ou )(x ) -  Z^(GOpU^)(x), (5 .9 * 1 1 )
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which tra n s fo rm s  u n d e r th e  m odified  d i s c r e te  tra n sfo rm  to
u (x ,k )  = »ir(x,k) -  Z 2^?(x ,k )u(0 ,k ) -  Z ^ G (x ,k )u ^ (0 ,k ). ( 5 .9 .1 2 )
At X = 0 we have
u ( 0 ,k )  = ( ? ( 0 , k )  -  Z 2 G (0 ,k JS P (0 ,k )) /L (0 ,k ) , (5 . 9 . 13 )
where L (0 ,k )  = 1 4 - Z ^G (0 ,k).
Thus we can  s u b s t i t u t e  in to  (5 .9 * 1 2 ) f o r  u ( 0 ,k )  and u ^ (0 ,k )  from 
(5 . 9 . 13) and  (5 . 9 . 10 ) r e s p e c t iv e ly ,  and th e n  in v e r t  to  g iv e  th e  
d isp lacem en t u (x )  a t  any p o s i t io n .
Two in t e r e s t i n g  s p e c ia l  c a se s  o f  th e  above problem  a r e ;
( i )  p = 1 ,  t h a t  i s ,  we have e q u a lly  spaced beams w ith  a  d i f f e r e n t  
impedance on each  h a l f  o f  th e  p l a t e .
( i i )  p = 2 and Z^ = -Z ^ , which g iv e s  beams o f  th e  same impedance 
on each s id e  o f  th e  p l a t e ,  b u t w ith  d i f f e r e n t  sp a c in g s .
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5 .1 0  CONCLUSIONS
The response o f  a flu id -load ed  p la te , s t if fe n e d  on one h a lf  
by a sem i-in fin ite  array o f beams, can be formulated and 
formally solved in  terms o f  d iscre te  convolutions. A pplication  
of the d iscre te  Fourier transform reduces the equation for  
the p late displacement to  a Wiener-Hopf equation , which can 
be solved using the Wiener-Hopf technique. I f  however, the 
moments o f  the beams on the p la te  are included, ap p lica tion  
of the d iscre te  Fourier transform produces a p a ir  o f simultaneous 
Wiener-Hopf equations, which cannot be solved u n less  the f lu id  
loading i s  n eglected . S im ila r ly , except for  the structures  
considered in  sectio n  5 . 9 ,  the problem of a p la te  s t if fe n e d  
by two d iss im ila r  se m i- in f in ite  arrays reduces to  a s e t  o f  
simultaneous Wiener-Hopf equations which cannot be solved .
The exact so lu tio n  obtained in  th is  chapter requires  
lengthy computation b u t, a t large d istances from the boundary 
between the s t if fe n e d  and u n stiffen ed  halves o f the p la te ,  
asymptotic methods can be used to  sim plify  the computation.
An asymptotic expansion for the p la te  displacement has been 
obtained showing th a t , a sym p totica lly , the displacem ent in  the 
unstiffened  h a lf  o f the p la te  has the form o f a plane harmonic 
wave, while in  the s t if fe n e d  h a lf  i t  has the form o f a Floquet 
wave.
The method may be used to  fin d  the response to  any 
ex c ita tio n . As an example, the response to  a free  plane wave in  
the u n stiffen ed  h a lf  o f  the p la te  has been d iscu ssed  in  d e ta il .  
The amplitudes o f the transm itted and r e f le c te d  f ie ld s  r e la t iv e  
to  the incident wave i s  used to  define transm ission and
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r e f l e c t io n  c o e f f i c i e n t s ,  w hich, to g e th e r  w ith  th e  s c a t te r e d  
p re ssu re  f i e l d ,  have th e n  been c a lc u la te d  from  th e  a sy m p to tic  
e x p re ss io n s .
I t  h a s  been shown t h a t  th e  in c id e n t  wave, which i s  
a c o u s t ic a l ly  slow  a t  a l l  f re q u e n c ie s  and th e r e f o r e  non­
r a d ia t in g ,  i s  s c a t te r e d  by th e  beams and r a d i a t e s  sound in to  th e  
f l u i d .  I f  th e  w aveleng th  in  th e  f l u i d  i s  s h o r te r  th an  th e  
beam s p a c in g , t h a t  i s ,  i f  k ^ > n ,  th e n  th e  p re s s u re  f i e l d  
peaks a t  a n g le s  f o r  which th e  " t r a c e ” a c o u s t ic  w avelength  
matches th e  "undamped" F lo q u e t w avelength  (2 n /(k ^  Ï  2 n n ), n = 0 , l , 2 , . . ) ,  
which i s  c a lc u la te d  by ig n o rin g  th e  a c o u s t ic  damping. The 
a c tu a l  F lo q u e t wave i s  damped, s in c e  i t  i s  r a d ia t in g  e n e rg y , 
and no energy  can re a ch ' th e  f a r f i e l d  o f  th e  s t i f f e n e d  h a l f  o f 
th e  p l a t e ,  ex cep t th ro u g h  th e  f l u i d .  At low f r e q u e n c ie s  th e  mass 
lo ad in g  o f  th e  f l u i d  dom inates th e  s t r u c tu r e  and th e  e f f e c t  o f  
th e  s t i f f e n in g  i s  sm a ll;  th e  r e f l e c t e d  and s c a t te r e d  f i e l d s  
a re  sm all and th e  in c id e n t  wave i s  t r a n s m it te d  a lm o st u n a tte n u a te d .
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